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In the last few years the work of Gelfand [17, 18],f Kantorovitch [23, 24,
25], Dunford [9, 10], Vulich [24, 25, 42] and others has shown that in devel-
oping a representation theory for various classes of linear operations§ among
Banach spaces [1] effective use can be made of abstract functions and in-
tegrals, just as the general linear functionals over certain B-spaces were
earlier discovered to be representable in terms of numerical functions and
the integrals of numerical functions. This is especially true for operations
defined to a general B-space X from a Lebesgue space, that is, from a space
consisting of a class of Lebesgue-integrable numerical functions. To obtain
representations for operations of this sort it was found that ready application
could be made of various integrals of the Lebesgue type that have been de-
fined for functions taking their values in X.

In the present paper we wish to communicate a representation theory for
several types of operators mapping a space L(S), consisting of the real func-
tions that are Lebesgue-integrable over an abstract aggregate S with respect
to a fixed class of subsets of S and a fixed measure function [29, 34], into an
arbitrary B-space X. The representations will be given in terms of abstract
integrals and kernel integrals. The general approach is not new, for it is based
on the methods introduced by Gelfand [18] and Dunford [9] to obtain such
theorems when S is a bounded real interval. However, in order to extend
these known results to the case of an arbitrary S new devices are required
since the earlier results were proved by Euclidean methods. In most instances
we have been able to make the extension; this has been accomplished by
generalizing the Radon-Nikodym theorem [29, 34] to set functions taking
their values in an adjoint space and by substituting for differentiation proc-
esses the use of convex sets. The class of operators recently introduced by
Kakutani [22] and Yosida [44] under the name weakly completely continu-

* Presented to the Society, December 30, 1938, under the title On completely continuous opera-
tions in L; received by the editors October 12, 1939. A summary appeared in the Proceedings of the
National Academy of Sciences, vol. 25 (1939), pp. 544-550.

t Sterling Fellow. .

1 Numbers in brackets refer to the references at the end. Gelfand’s paper [18] is the thesis
which he presented in June, 1935.

§ Hereafter for linear operations we shall use the briefer terms operations or operators since these

are the only operations that will come into consideration. An operation, or operator, is thus under-
stood to be a distributive continuous mapping of one B-space into another.
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ous* is also considered. By means of these representation theorems new in-
formation is given concerning certain types of operators. This information in
turn yields a uniform mean ergodic theorem for weakly c.c.t operations in
L(S) and an application to Markoff processes. In addition it provides results
which may be of interest in the theory of integral equations. In terms of both
abstract integrals and kernel integrals a fairly complete representation theory
is given for operations mapping L(S) into the Lebesgue classes L(T),
1=¢= o, where T is another aggregate; the types considered are the general,
the separable, the weakly c.c., and the c.c. operations. Those results dealing
with arbitrary S and T will have as immediate corollaries the corresponding
theorems for the sequence spaces /7;§ the supplying of these corollaries will
be left to the reader.

A more precise outline of the contents is perhaps better given by the fol-
lowing table and comments.
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separable. We shall also consider operations that send weakly compact sets into compact sets.

§ Concerning operations on or to a sequence space see [4, 9, 10, 18, 21, 23, 24, 31, 38] and refer-
ences therein.
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Chapter I consists of groundwork. In Part 1 there is a rapid review of
Lebesgue integrals for B-space-valued functions, Part 2 is explained by its
caption, and Part 3 is chiefly spent in noting that previous results [9] con-
cerning the representation (by kernels and kernel integrals) of measurable
and integrable functions in certain function spaces are extensible from Eu-
clidean S to arbitrary S. Most of Chapter II is devoted to establishing for
an arbitrary .S results known to hold in the Euclidean case; there are occa-
sional refinements. It is believed however that Theorem 2.1.0, the first section
of Part 3, and most of Part 4 are new. Chapter III is probably the most im-
portant. It includes the rather interesting result that when S is Euclidean
and U is weakly c.c. in L(S) the operation U?is c.c. This of course implies
that U has a finite-dimensional set of fixed points. In Chapter III, Parts 2
A, C consist of sharpenings and extensions of well known theorems, and
Part B contains a summary of our results (except for those in Part 3 of Chap-
ter II) concerning kernel representations of operations on L(S) to L«(T),
1=¢g= . These results enable us to state that several sets of conditions,
which are less stringent than those heretofore considered, are sufficient that
a kernel operation be c.c. from L(S) to L«(T).

Chapter III is independent of Chapter II.

CHAPTER I. ABSTRACT FUNCTIONS AND INTEGRALS

PArT 1. CLASSES OF MEASURABLE AND INTEGRABLE
ABSTRACT FUNCTIONS

A. Preliminary definitions. We consider an arbitrary aggregate S=[s], a
fixed Borel field €= [E] of subsets of S with* S ¢ €, and a fixed non-nega-

* To use Saks’ term, E is an additive family.
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tive completely additive measure function «(E) defined over E. If we let €z
denote those E ¢ € for which a(E) <, a triad [S, €, a] of this sort will be
called a system provided that S is decomposable, that is, S has a decomposition
consisting of a denumerable number {S;} of disjoint elements of €z such
that S=2_.S:. Those elements of € for which «(E) =0 are the null sets and
are denoted by &,. It is supposed that every subset of a null set is a null set.
When the system [S, €, «] and the exponent ¢ are fixed, L2(S) ist the B-space
composed of those numerical functions ¢(s) which are defined over .S, meas-
urable with respect to €, and have ||¢|| = (fs|¢(s)| da)/2< o for g< = and
ll¢|| =ess. sup. |¢(s)| < o for g= . When g < % we note that separability for
L«(S) is equivalent to Ep’s being separable under the metric dist (E, E’)
=a(E—E')+a(E'—E). Moreover if g< o then f(¢) is a linear functional
over L(S) if and only if an element ¢’ of L<(S) exists such that
f(¢) =/Ss¢(s)p’(s)der; the norm |[f]| of f equals Hq&'][l,and ¢’ is the exponent
conjugate to ¢.f Thus for 1<g< e L9(S) is reflexive§ and hence [16] has
a weakly compact unit sphere.

Given a function x(s) defined from the points of .S to a B-space X, the
set of values assumed on a subset £ of S will be denoted by x(E). The func-
tion x(s) is separably-valued if x(S) is separable in X, weakly compact-valued
if £(S) is weakly compact, and compact-valued when x(S) is compact. Should
x(S —E,) be separable for some null set E, we say that x(s) is almost (or es-
sentially) separably-valued; the corresponding definitions for x(s)’s being almost
weakly compact-valued and almost compact-valued are evident. More particu-
larly, x(s) is finitely-valued if it is constant on each of a finite number of meas-
urable sets E; with ) ,E;=S, and it is a simple function if it is finitely-valued
and if S—E ¢ €5 when E is the set over which x(s) vanishes. Finally, if ¥ is a
subset of X, then x(s) is essentially defined to ¥ if ¥ o> x(S—E,) for atleast
one null set E,.

In a given B-space X the zero element will be denoted by 6 or 6x. When ¥V
is a subset of X the span of ¥ is the smallest closed linear manifold (c.l.m.)
containing ¥. Given ¥ in X and a set I in the adjoint X* of X, T is said to
be a determining manifold|| for ¥ if a finite constant C exists such that, for
eachye ¥, ||yl| =sup,|v(y)|, v ¢ T, ||7]| £C. T is not required to be linear.

1 We shall write L(S) for L!(S). The elements of L(S) will be called summable functions.

1 When a(S) < « a proof of this statement, which is a classical result [1] for Euclidean S, can
be found in [10, Theorem 46]; the induction to a general decomposable S is easily made. For the case
¢=1 Nikodym was apparently the first to extend the classical theorem to functions of an abstract
variable [30].

§ Even more, L9(S) is uniformly convex as shown by Clarkson’s proof for Euclidean S, Uni-
formly convex spaces, these Transactions, vol. 40 (1936), pp. 396-414.

|| When ¥ =X the set T is simply a determining manifold.
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Finally when a real function ¢(s), or a B-space-valued function x(s) or x,,
is being considered as an element of a class of functions, we shall usually
write ¢(.), 2(.), or x., following the notation of E. H. Moore.

B. General measurable and integrable functions. Let [S, €, «] be a fixed
system and consider an abstract function x(s) defined a.e.t in S and having
its values in X. If T in some set in X* and f(x(s)) is measurable for each f e T,
we say that x(s) is I-measurable; for the case I'= X* a I'-measurable function
is weakly measurable. To each p lying between 1 and « inclusive there can
be associated the subclass 27(S)[X, I'] of I'measurable functions defined by
the following condition: x(.) is in £2(S) [X, T'] if and only if f(x(.)) & L?(S) for
eachf e I'. Denoting by p’ the exponent conjugate to p, we recall the following
fundamental theorem [17; 10, Theorem 49; 18].

THEOREM 1.1.1. If T is a c.l.m. and x(.) £ 22(S) [X, T'], a finite constant C
exists such that

e

sclfl-llsll,  7er, ¢ eL7(S),
C being independent of f and ¢'. Hence ‘

yo(f) = fsf(x(s))¢'(s)da

defines an operation U(p") =y, from L?'(S) to T*.

An element x(.) of £7(S)[X, I'] is said to be in the class ¥(S)[X, T'] if
for each E ¢ Ejp there is a point 2z in X such that

(1) fzz) = fEf(x(s))da,  fery

when p=1 it is supposed that such an xz exists for each E ¢ €. An element
x(.) of &(S)[X, I'] is a T-integrable function, and any point x5 satisfying
(1) is a T-integral of x(.) over E. If T is a determining manifold for X and
x(.) is T-integrable, then x(.) has for each E ¢ € a unique I'-integral over E
called the T-integral of x(.) over E. When I' = X* this unique point is referred
to as the integral of x(.) over E and x(.) is said to be integrable. Whenever in
connection with a given abstract function x(.) the symbol [zx(s)da occurs
devoid of qualification, the implication is that x(.) is integrable and that
Jex(s)do stands for the integral of x(s) over E.
The following is a slight extension of Theorem 59 of [10].

t The phrase almost everywhere, with its usual meaning of “except possibly on a set of measure
zero,” will be abbreviated throughout to a.e.
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THEOREM 1.1.2. When T is a determining cl.m., x(.) is in &(S)[X, T'] if
and only if x(.)¢’(.) is D-integrable for each ¢’ ¢ L*'(S).

According to Theorem 1.1.1if x(.) & £2(S) [X, T'] there exists a constant C
independent of ¢’ and f and such that

(2) fa)¢'(s)da| < C-|l¢'||-Nlfll,  feT, ¢ e L#(S).
8

At the same time it follows from the definition of (S)[X, I'] that x(.)¢’(.)
is I'-integrable for each ¢’ ¢ L?'(S) which is finitely-valued. Moreover, if for
a ¢’ of this sort the I'-integral of x(s)¢’(s) over E is xg,4, it is clear from (2)
that

| fwe.o)] = C: Ll feT,
and hence, since T is a determining manifold (for X),
(3) 22,61 = Cll8]

where C’ is finite and independent of ¢’. In addition x4 is additive over the
finitely-valued elements of L?'(S) due to I’s being determining. Now let {¢.’ }
in L?'(S) be finitely-valued elements converging to an arbitrary ¢’ ¢ L?'(S).
It is clear from (3) that limm ... ||%z.s,—%z.e =1im,,.,,,[|xE_¢;_¢; =0. Let
xg,¢ =lim, xg 4. Then

fame) = im flon.0) = lim [ fa()od e = [ fa)6' e, feT,

so that (1) is satisfied. Since E ¢ € was arbitrary, x(.)¢’(.) is T-integrable.

If on the other hand x(.)¢’(.) isT-integrable for every ¢’ ¢ L?'(S), then for
each f ¢ T' the function f(x(s))¢’(s) is summable for every ¢’ & L*'(S). Hence
f(x(.)) ¢ L?(S) for each f e I' [10, Theorem 46]. To see that z(.) & &(S) [X, T']
we have only to observe that x(.)¢’(.) is I'-integrable whenever ¢’ is the
characteristic function of an element E ¢ €5 (or Eif p=1).

THEOREM 1.1.3. If T is a determining cl.m. and x(.) is in (S)[X, T'],
then U(p') =4, where x4 is the T-integral of x(.)¢’(.) over S, is an operation
defined from L' (S) to X. The mapping V(f) =f(x(.)) is an operation from T
to L*(S) that coincides over T with the adjoint of U.

From Theorem 1.1.2 and (2) the I'-integral x4 exists and satisfies the in-
equality

4) If(x¢')|=l fsf(x<s)>¢'<s)da sCllell-ll,  ser, ¢ eL7(S),
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where C is independent of ¢’ and f. The mapping V is obviously defined from
T to L»(S) and is additive; it is therefore linear since from (4)

vl = [l = c-ifl, fel,

where C is independent of f. From (4) it also follows, since T' is determining,
that

ool = c"-ll#ll, ¢ e L7(5),

where C’ is independent of ¢’. Thus the additive mapping U from L?'(S) to X
is linear. Finally, from the equality f(U(¢’))=/sf(x(s))¢p’(s)da, fe T,
¢’ ¢ L*'(S), it is seen that V coincides over I with the adjoint of U.

If X is the adjoint ¥* of another space Y, it is evident from Theorem 1.1.1
that any element of 7(S) [V*, Y] is also in ¥5(S) [Y*, V' ]. The space ¥ being
equivalent to a determining c.l.m. in X*=Y¥** Theorem 1.1.3 yields

TrEOREM 1.1.4. If x(.) & 82(S) [V*, V], then x(.) ¢ ¥(S)[V*, V] and the
two mappings

V(y) = x(s)(y), ye?,
) = [ 26 0)de, L eL¥(S),
S

where [sx(s)¢’(s)da is the YV-integral of x(.)¢'(.), are operations defined from
Y to L*(S) and from L?'(S) to Y* respectively. The operation V coincides over ¥
with the adjoint of U.

When Y is separable and p= o, it is possible to be more precise.

THEOREM 1.1.5. If ¥ is separable and x(.) ¢ (S)[V*, Y], then (i)
x(.) € &°(S) [Y*, V], (ii) the mappings

V() = 2()(y), U@ = fs #(5)8(s)det,

where [sx(s)p’ (s)da is the YV-integral of x(.)¢’(.), are operations from ¥ to
L>(S) and from L(S) to Y* respectively, (iii) V coincides over Y with the ad-
joint of U, and (iv) ess. sup. |2(s)|| =C < . The finite constant C is the common
norm of U, V, and the functional F(y, ¢’)=[sf(x(s))¢’(s)dex bilinear over
Y XL(S).

Conclusions (i)—(iii) are corollaries of Theorem 1.1.4. The remainder fol-
lows from Theorem 9 of [10].

C. Measurable functions and absolutely integrable functions. Beginning
again from a somewhat different viewpoint, x(s) is measurable [3] if it is the
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limit a.e. of some sequence of simple functions; since S is decomposable this
is equivalent to being the limit a.e. of a sequence of finitely-valued func-
tions. For each p in the range 1<p < there exists the subclass of measur-
able functions having [s||«(s)||7de: < . Denoting this subclass by A7(S) [X]
and letting %~(S) [X ] be those measurable functions for which ess. sup. ||#(s)|
< it follows, as Garrett Birkhoff has shown [2, 9], that A?(S)[X]
c ¥(S)[X, X*] for 1<p=< . The elements of A1(S)[X] will be called ab-
solutely integrable.

THEOREM 1.1.6. If x(.) € A?(S) [X ], the function x(.)¢’(.) is absolutely in-
tegrable for each ¢'(.) e L?'(S) and U(¢’) = [sx(s)¢’ (s)da defines an operation U
from L¥'(S) to X. When p= the norm of U is |U| =ess. sup. ||x(s)||, and

0l = ([ llsllia)”
when p< .

The absolute integrability of x(.)¢’(.) should be evident. The existence
and linearity of U are likewise obvious, in view of Theorem 1.1.3 and
the inclusion of A7(S)[X] in ¥(S)[X, X*]. For the case p=c it is
known [31, 3.11] that the operation V(f)=f(x(.)) from X* to L*(S) has
| V| =ess. sup. ||(s)||; since V is the adjoint of U this means that
| U| =ess. sup. ||x(s)||. The concluding inequality, for the case p <, has
already been proved in Theorem 2.4 of [9].

It is known that the two properties of weak measurability and almost
separable valuedness together are sufficient as well as necessary for measura-
bility [18, 31]. This remains true when a less stringent condition is substi-
stituted for weak measurability; and if a third assumption is made, x(.)
becomes not only measurable but also essentially bounded.

THEOREM 1.1.7. For a given x(.) suppose that for some null set E, the set
(S —E,) has in X a separable span ¥ and that x(.) is T-measurable for some
manifold T which is determining for Y. Then (i) x(.) is measurable. If it is
also true that ess. sup., | f(x(s))| < o holds for each f ¢ T and T is closed and lin-
ear, then (ii) x(.) € A=(S) [X |, and hence (iii) x(.)¢(.) is absolutely integrable for
each ¢ ¢ L(S) and U(p) = [sx(s)p(s)da defines as operation U from L(S) to X
having | U| =ess. sup. [|2(s)].

Conclusion (i) has been established in Theorem 2.1 of [32]. If it is also
true that I' is a c.l.m., then, since YV is separable, there is in T' a separable
clm. T’ which is determining for ¥. Thus if 2(.) ¢ &°(S)[X, I'] clearly
x(.) & €=(S) [V, I'’]; from Theorem 9 of [10] it follows that ess. sup. ||x(s)]|
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< o, so that the measurable function x(.) is in ¥=(S)[X]. Conclusion (iii)
results from (ii) and Theorem 1.1.6.

PART 2. SOME CONVEX SETS RELATED TO INTEGRABLE FUNCTIONS

This part will consist of a few results involving inclusion relationships be-
tween certain closed convex sets containing the functional values of an in-
tegrable function and other closed convex sets associated with the function’s
indefinite integral. In a B-space X the closed convex hull of a subset ¥ will be
denoted by C[Y]. For a fixed function x(.) which is integrable over every
E ¢ Ep the set of all quotients (fzx(s)da)/a(E) with 0 <a(E) < o will be rep-
resented by J. Thus J is defined if x(.) £ (S) [X, X*],1Sp=< .

THEOREM 1.2.1. If x, is a point disjoint with a closed convex set X', there
exist an fo e X* and a constant ¢ such that fo(xo) >c while fo(x) Scforx e X'.

By a theorem of Mazur [27, p. 80] there is a closed convex body K dis-
joint with x, and containing X’. There must then be a nondegenerate closed
sphere N about x, such that NK is vacuous. From a theorem of Eidelheit
[12] the disjunction of the two closed convex bodies N and K implies the
existence of an fo ¢ X* and a constant ¢ such that ||fo|| =0, fo(x) Zc for x ¢ N,
and fo(x) <c for x & K. Since ||fo|| %0 and no nondegenerate sphere can be con-
tained in a hyperplane, there is an x; ¢ N failing to satisfy the equation
fo(x) =c; thus fo(x1)) =c+5 where §>0. If now fo(x¢)=c, it follows that
fo(229—x1) =c— 6 <c where 2x,—=; is in N. This contradicts the inequality
fo(x) =c for x ¢ N, and hence fo(xo) >¢ must hold.

THEOREM 1.2.2. If x(.) is integrable over every E e Ep, then C[J]
cC[x(S—E,)] for each E, ¢ E,.

Let xg=[ex(s)da, E ¢ Ep. If there were an E ¢ Ep—E, for which
xp/a(E) ¢ C[x(S—E,)], then by the preceding theorem a constant ¢ and an
fo e X* would exist such that fo(xz/a(E)) >c while x ¢ C[x(S—E,) ] implies
fo(x) Sc. Since a(E,) =0 we would then have fo(x(s)) <c a.e. in E, so that

- [efo(x(s))da = ca(E). Yet [gfo(x(s))da=fi(xg) >ca(E), which is a contradic-
tion. Thus J ¢ C[x(S—E,) ] and hence C[J] e C[x(S—E,)].

An immediate consequence of Theorem 1.2.2 is

THEOREM 1.2.3. For a function x(.) integrable over every E ¢ Ep the inclu-
sion C[J] €]IC[x(S —E,)] holds, the product being taken as E, varies over E,.
Another easy corollary is given in

TueoreEM 1.2.4. If x(.) e ©(S)[X, X*] and Y is a cl.m. containing
x(S — Eo) for some Eo & €, then ¥ 3 U(¢") = [sx(s)¢’ (s)da for every ¢ e L7 (S),
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that is, Y 2 U(L?'(S)). Thus U is a separable operation when x(.) is almost
separably-valued.

Since Y is a closed convex set containing x(S — E,), Theorem 1.2.2 implies
that ¥ o J. From the linearity of ¥ it then follows that ¥ 3 [zx(s)da for each
E ¢ Ep. If p=1 the complete additivity of [rx(s)da over € [31, 10] and the
fact that ¥ is closed and linear yield the conclusion that ¥ 3 [zx(s)da for
every E ¢ €. The simple functions being dense in L?'(S) for p’' < and
the finitely-valued ones being dense in L=(S), it follows from the linearity
of U that U(¢’) isin the cl.m. ¥ for each ¢’ e L*'(S).

CoROLLARY. If x(.) e A?(S) [X ], then U(p') = [sx(s)¢’ (s)da is a separable
operation from L?'(S) to X.

Theorem 1.2.4 can be given a considerably sharper form when p= . For
this purpose let R(x) = —=z for x ¢ X, and let P be the essentially non-negative
elements of L(S). The subset of P for which ||¢|| =1 holds will be denoted
by (!Bl.

THEOREM 1.2.5. Suppose that x(.) is in °(S)[X, X*] and that ¥V is a
closed convex set containing x(S — Eo) for some Eq e E,. For U(¢) = [sx(s)¢(s)de,
¢ £ L(S), it follows that

() U@) eClx(S—Eoy)] ¥ when ¢ & Py,

(ii) if Y3 0 then U(p) ¢ ¥ for each ¢ ¢ B having ||¢|| <1,
(iii) if ¥ > R(x(S—Ey)) then U(p) ¢ ¥ for each ¢ with ||¢|| <1,
(iv) if Y is linear then U(p) e ¥ for every ¢.

In (i) the second relationship is obvious. To obtain the first it is suffi-
cient to show that ¥ 3 U(g¢) whenever ¢ is an essentially non-negative simple
function having ||¢|| = 1. For such a ¢ we have U(g) =2 _1¢:/zx(s)da = roux;
where a;=¢:a(E;) 20, © >a(E;) >0,and x;=1/a(E;) - [rx(s)de. Since x; ¢ J,
@:20, and X _rai=||¢|| =1, it follows that U(¢) ¢ C[J] and hence (Theorem
1.2.2) U(¢) £ C[x(S—Ey)]. Statement (ii) results immediately from (i), the
homogeneity of U, and the convexity of ¥. Conclusion (iii) is also implied
by (i). For an arbitrary ¢ ¢ L(S) can be written as ¢ =¢1—¢. where ¢; ¢ B and

ll¢ll =>"3l¢4]. Thus
ue/llel)) = Zj:p,-x.-, ll¢ll1> 0,

where p:=||¢d|/|lol] 20, x1=U(#1/||¢1]]), and x2= — U(s/||$4]|). Since (i) im-
plies that x; ¢ C[#(S—Eo)] and x, ¢ R(C[x(S—E,)]), and since pi+ps=1
where p;=0, it is clear that ¥ s U(¢/||¢||) due to the convexity of ¥. We
can then conclude, ¥ being a convex set containing 6, that ¥ 3 U(¢) for
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every ¢ with ||¢|| 1. The final statement, (iv), results from either (iii) or
Theorem 1.2.4.

THEOREM 1.2.6. Suppose that for x(.) e °(S)[X, X*] there exist a null
set E,, a closed convex set YV, and a constant C such that ¥ > x(S—E,) and
5|l =C for each y ¢ Y. Then U(p) ¢ ¥ for every ¢ & P1 and hence ||U(g)||
=C||¢>|| for every ¢ & B.

It will now be shown that for a restricted x(s) the inclusion reverse to
that of Theorem 1.2.2 holds for at least one E, & E,.

THEOREM 1.2.7. If x(.) is integrable over every E ¢ Eg and is also measurable,
thereis an E{ € €y such that Clx(S—E¢)] e C[J].

Since x(.) is measurable, there is a null set E’ such that x(S—E"’) is
separable. Thus if x(.) is redefined so as to vanish over E’’, the new function
#’(.) will be measurable and x4 = [zx'(s)da= [px(s)da for every E ¢ Ep.
Moreover x'(S) will be a separable set in X. If in €, there is an E’ with the
property that C[x'(S—E’)] € C[J'], it will then follow, should the theorem
be true for «'(.), that C[x(S—E"" —E")]eCl2x'(S—E")]ecC[J']=C|[T],
where E{ =E""+E’ ¢ €,. Hence we may suppose that x(S) is separable.
From the measurability of x(.) it can be concluded that x~1(¥) is in € for
any open sphere ¥ in X; since x(S) is a separable set in X this remains true
if ¥ is an arbitrary open set and hence if ¥ is any Borel-measurable set. It
is now evident, C[J] being closed, that the set E’=x"1(X—C[J]) must be
measurable. To prove the theorem we have only to show that a(E’) =0.

Each point x, £ (E’) is disjoint with C[J]; to each such x, there corre-
sponds by Theorem 1.2.1 an element f of X* and a constant ¢ such that
f(xo) >c and f(x) <c¢ for x ¢ C[J]. From the continuity of f an open sphere
N about x, exists with the property that f(x) >¢ holds for every x ¢ N. Let
each point of x(E’) be covered by a sphere of this kind. Since x(E’) is a
separable set in X, a denumerable number N.,,,m=1, 2, - - -, of these spheres
suffice to cover x(E’). Letting E,=x"1(N.) it is clear that E,, is measurable
and that Y E, > E’. Thus if «(E’) is positive, then a(E.,) >0 holds for
some m,. Taking a decomposition {S,} of S, the inequality © >a(S,En,) >0
must be true for at least one #n. Letting E* be the set S,En, for one such #, ob-
viously 0 <a(E*) < and xp*/a(E*) ¢ J. From the definitions of N, En,,
and E* there is an f, ¢ X* and a constant ¢, such that fo(x(s)) >c¢ for every
s ¢ E* while fo(x) <co when x ¢ C[J]. Due to the inequality © >a(E*) >0 we
then have [g=fo(x(s))da>coa(E*) and at the same time [&*fo(x(s))do=fo(xE*)
=Zcoa(E¥*). This contradiction ends the proof since it implies a(E") =0.

Combining Theorems 1.2.3 and 1.2.7 gives us
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THEOREM 1.2.8. If x(.) is integrable over every E ¢ Ep and is measurable,
then an E{ ¢ E, exists such that

Cla(s — E§)] = cl7] = TICla(S — Ev)],
the product being taken as E, varies over E,.
For measurable functions Theorem 1.2.4 may be rounded out as follows.

TaEOREM 1.2.9. Let x2(.) ¢ ©(S) [X, X*] be measurable. For a cl.m. Y the
following are equivalent: (i) x(.) is essentially defined to ¥, (ii) ¥ 3 [gx(s)da for
every E ¢ Eg, and (iil) ¥ 3 U(p) = [sx(s)p(s)da for every ¢ € L*'(S).

For (iii) clearly implies (ii), and (iii) follows from (i) by Theorem 1.2.4.
If (i) holds, then ¥ 5 C[J], and hence ¥ > #(S — E{ ) for some E{ ¢ €, accord-
ing to Theorem 1.2.8.

When p = o more precise results can be obtained.

THEOREM 1.2.10. Suppose x(.) in 5°(S) [ X, X*] is measurable. Then (1) an
E{ ¢ E, exists such that
EH Clx(S — Eo)] = C[x(S — E¢)] =C[7] = C[U®BY].
02Oy
Let Y be a closed convex set. Then (II) these three conditions are equivalent:
(i) Y o2x(S—E,) for some Ey¢ E,,
(i) Y31/a(E)- [rx(s)da for every Ee Eg— E,,
(i) Y2 U(gp)=/sx(s)p(s)da for every ¢ e Bu;
(IIX) these three are equivalent:
(1) Y satisfies (II)(i) and Y 39,
(ii) Y satisfies (I1)(ii) and Y 30,
(iii) Y3 U(p) for every ¢ ¢ P with ||¢|| <1;
and (IV) these are equivalent:
(i) for some Ey¢ E, both x(S—E,) and R(x(S—E,)) are in ¥,
(ii) Y3 (8/a(E))[ex(s)da for every Ee Eg— E, and every 6= +1,
(iii) Y3 U(g) for each ¢ with ||¢|| <1.
(V) Finally, for a given constant K these are equivalent:
() ||U(¢)|| =K for every ¢ ¢ Bs,
(ii) an E{ ¢ E, exists such that “x” =K for xeC[x(S—E{J)].
Hence if (V)(i) or (V)(ii) kolds, then ||x(s)|| =K a.e. and || [zx(s)da|| = Ka(E)
for every E ¢ Es.

(I) follows immediately from Theorem 1.2.8, conclusion (i) of Theorem
1.2.5, and the fact that J ¢ U(B,). (II) and (III) are evident consequences
of (I) and (II) respectively. (IV) results from (III) and Theorem 1.2.5 on
considering the operation U’(¢) = [s(—x(s))¢(s)da= —U(p). The equiva-
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lence of the two conditions in (V) follows from (I) and the fact that C[U(By) ]
is simply the closure of the convex set U(By).

Example 3 in Birkhoff’s paper [2] shows that Theorems 1.2.7-1.2.10 all
become false if the hypothesis of measurability for 2(.) be dropped.

PART 3. KERNEL REPRESENTATIONS OF ABSTRACT FUNCTIONS AND INTEGRALS

We now consider a second system [T, ¥, 8] entirely analogous to [S, €, a],
with ¥, denoting all those elements of ¥ having B-measure zero and ¥p all
those having finite 8-measure.

A. Measurable functions in terms of numerical kernels. When the range
space X consists of numerical functions defined and measurable over T, it
sometimes happens that each measurable function x(s) having its values in X
can be represented by means of a numerical kernel defined and measurable*
over SXT. The first theorem below gives a set of conditions on X that are
sufficient for the existence of such representations.

THEOREM 1.3.1. Suppose X satisfies these conditions:

(@) ifyme X, m=1,2, - - -, and lim,, ||ym|| =0, then {y™(£)} converges to
zero in measure over every F & ¥p,

() ¥(.) & X implies ||¢|| =0 if and only if Y(t)=0 a.e.,

(c) if {T:} is a decomposition of T and with each y(.) e X are associated the
Sfunctions ¥,.(8) =¢()p.(t), n=1, 2, - - -, where ¢.(t) is the characteristic func-
tion of I 2T, then

(1) ¢¥n(.) e X for each n,

(i) limn ym=y in X implies lim, ¥, =y. in X for each n.

Under these conditions it follows that if x, is measurable from S to X there is a
numerical kernel K (s, t) measurable over SXT and such that for almostt every
s e S the equality x,(8) = K (s, t) holds a.e. in T.} Hence if (b) is strengthened to

(b") ¥(t) is measurable and Y(t) =0 almost everywhere if and only if Y(.) ¢ X
and |[y]| =0,
then for almost every s K (s, .) is in X and coincides with the point x,.

The demonstration of this theorem for the case a(S) < and B(T) <
has been given in 3.1 of [9].§ The extension to the case of a general decom-
posable T follows from a reapplication of the same methods. The final step,
to a general decomposable S, is then easily made.

* That is, measurable with respect to the Borel field of subsets of SX T determined by the two
fields Eand F [33].

t If x, is defined over all of S the word “almost” may be deleted.

1 K(s, ) is then said to be a measurable representation of x(s).

§ The proof given there is for Euclidean S and T but can be carried over to the present case
without change.



336 NELSON DUNFORD AND B. J. PETTIS [May

Since L¢(T) satisfies conditions (a), (b’), and (c) for 1 ¢ =< « we have [9]

THEOREM 1.3.2. If x(s) is measurable from S to L«(T), a measurable kernel
K (s, t) exists over SXT such that K(s, .)=x(s) in L«(T) a.e. in S. Any two
such representations of x(.) differ over SXT on at most a set of measure zero.

On the other hand the converse (partial when ¢=) of Theorem 1.3.2
also holds.

THEOREM 1.3.3. Let K (s, t) be a kernel over SX T and let q be fixed. Suppose
that
(1) K(s, £) is measurable,
(it) K(s, .) e L«(T) for almost every s, and
(iii) if g= = then K(s, .) is almost separably-valued in Lo(T).
Then x(s)=K(s, .) as a function defined to L4(T) is almost separably-valued
and is measurable.

We first show that K(s, .) is almost separably-valued when ¢ <. Sup-
pose K(s, t) is the characteristic function of a set having finite measure in
the product space SX 7. There is then a sequence {K.(s, £)} such that each
K.,(s, t) is the characteristic function of a finite sum of sets of the form EXF
and

lim ff | Ku(s, ) — K(s, £) |2d(a X 8) = 0.

SXT

Thus there is a subsequence {K,,} such that
lim f | Kai(s, £) — K(s,8) [4dB = 0
« Jr

a.e. in S. This shows that the values of x(s) =K(s, .) lie for almost all s in a
separable subset of L¢(T). If K is the characteristic function of a set of infinite
measure in the product space, then K =) ,¢,K where ¢, is the characteristic
function of G, and the sequence {G,} forms a partition of SX T into sets of
finite measure. So in this case also we have x(.) almost separably-valued.
Thus the abstract function x(s) =K(s, .) corresponding to a finitely-valued
kernel K (s, £) is almost separably-valued. Now suppose K (s, £) is an arbitrary
function satisfying (i) and (ii) for ¢ < «. Since K is measurable on S X T there
is a sequence {K.(s, ¢)} of finitely-valued functions having the properties

(1) lim Ka(s, §) = K(s, §) ae.onS X T,

2) | Ka(s, ) — K(s, t)l < | K(s, t)| onS X T.
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The Fubini theorem (1) shows that, for almost every s, lim, K.(s, £) =K(s, t)
a.e. in T. This fact together with (2), (ii), and the Lebesgue convergence
theorem yields for almost every s

lim f | Ka(s, t) — K(s, t)|dB = 0,
n T

which proves that x(s) =K(s, .) is almost separably-valued.

Thus x(s)=K(s, .) is almost separably-valued for 1<¢=< . Since the
measurability of K implies that [7K(s, t)§’(¢)dB is measurable in s for each
¢'(.) ¢ LY (T), it then follows from Theorem 1.1.7 that x(.) is measurable.

B. The representation of abstract integrals by kernel integrals. We re-
call the following two theorems giving representations for certain integrals.
These have been obtained previously (for Euclidean .S and 7) in [31] and [9].

THEOREM 1.3.4. Suppose x(.) in '(S)[L«(T), L2 (T)] has a measurable
representation K (s, t). A necessary and sufficient condition that the operation™
U(¢) = [sx(s)p(s)da from Lr(S) to L(T) be expressible as

U(p) = fs K(s, )(s)da

is that ¢ € L?(S) and ' ¢ LY(T) imply that [y’ (t){[sK(s, O)¢(s)da}dB
=[s6() { 2K (s, ¥/ (1)dB } da fimitely.

This is merely Theorem 7.3 of [31] carried over to the present more gen-
eral S and T'; the proof remains precisely the same.

From Theorems 1.3.2 and 1.3.4 we can now derive

TuEOREM 1.3.5 [9]. Suppose x(.) is in A*'(S)[L(T)]. Then a kernel
K(s, t) exists with these properties:

(1) K(s, t) is measurable, and

(i) K(s, .)=x(s) in LU(T) for almost every s.
If K(s, t) is any kernel satisfying (i) and (ii), then

(iii) (fs|K(s, .)||?da)t/»’ =C< o when p' <o and ess. sup. ||K(s, .)||
=C< o when p' =,

(iv) the separable operation U(p) = [sx(s)¢p(s)da can be written as U(¢p)
=[sK (s, ) (s)da, ¢ e L?(S),

(v) |U|=C for p’ <o and |U| =C for p' = 0.

The existence of a K (s, ¢) satisfying (i) and (ii) comes immediately from
Theorem 1.3.2. Property (iii) is obvious in view of (ii) and the fact that
x(.) e A*"(S) [L4(T)]. In (iv) the operation U exists and is separable by Theo-

* When ¢= «, this integral is an L(T)-integral.
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rem 1.1.6 and the corollary to Theorem 1.2.4. Moreover if K (s, ¢) satisfies (i)
and (ii) we have for each ¢’(.) ¢ L7(T) that

fT | KGs, 0| - || d8 = W] =],

by Holder’s inequality. Since ||x(.)|| ¢ L»'(S) this means that [s|e(s)]
ASr|K(s, )| |¢'(H)|dB}da exists finitely whenever ¢(.) e L?(S) and
Y’'(.) e LY(T). Since K(s, t)¢(s)¢’(f) is measurable, a classical theorem of
Tonelli implies that the two repeated integrals in Theorem 1.3.4 exist finitely
and are equal. From the latter theorem (iv) then follows. Finally, (v) results
from (ii) and Theorem 1.1.6.

If in Theorem 1.3.5 we begin with a kernel instead of an abstract function,
we can state

THEOREM 1.3.6. Let K (s, t) be a kernel satisfying for a fixed g conditions
(1)-(iii) of Theorem 1.3.3 and for a fixed p’ condition (iii) of Theorem 1.3.5.
Then x(s) =K (s, .) is in A*'(S) [L(T) |and U(¢) = [sK (s, t)p(s)da is an opera-
tion defined and separable from L»(S) to Lo(T), with |U| <C when p’' <o
and |U| =C when p'= .

It is clear from Theorem 1.3.3 and property (iii) of Theorem 1.3.5 that
x(s)=K(s, .) is in A*'(S)[L«(T)]. The remaining conclusions follow from
Theorem 1.3.5.

Later it will be seen that the operation U in Theorem 1.3.6 is c.c. when
p’ < [38] (Theorems 3.2.11 and 3.2.12) and that U takes weakly compact
sets in L(S) into compact sets in L2(7T") when p’= o (Theorem 3.2.1).

For the case p’ = = it results from Theorems 1.3.3, 1.1.7, and 1.3.6 that
the fourth assumption in the last theorem can be weakened as follows.

THEOREM 1.3.7. Suppose K (s, t) satisfies conditions (1)—(iii) in Theorem
1.3.3 and in addition ess. sup., | [rK(s, )Y’ (t)dB| < is true for each
V'(.) e LY(T). Then x(s)=K(s, .) is in A°(S)[Le(T)] and the operation
U(p)=[sK(s, )p(s)da is defined and separable from L(S) to L«(T) with
|U| =ess. sup., ([z| K (s, )| 1dB)*/4 for g< = and |U| =ess. sup.,,. | K(s, ?)]
for g= o,

CHAPTER II. GENERAL OPERATIONS TO RESTRICTED SPACES

ParT 1. THE REPRESENTATION IN ADJOINT SPACES OF SET FUNCTIONS AND
LINEAR OPERATIONS BY ABSTRACT INTEGRALS

A. Integral representations of absolutely continuous and Lipschitzean
set functions. The first theorem below may be regarded either as a generaliza-
tion (to the case of an abstract S) of a result of Gelfand [18] or as an extension
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of the Radon-Nikodym theorem [29, 34] from real-valued set functions to
those taking their values in an adjoint space. Two proofs of the theorem will
be given.

THEOREM 2.1.0. Let X = [x] be the adjoint of another B-space ¥ = [y] and
let xz be defined from Eg to X. Suppose that Y’ is a separable linear subset of ¥
and that

(i) for each y ¢ Y’ the real-valued set function xg(y) is completely additive
over* E(E’) for every E' ¢ €5,
(ii) xx(y) =0 when E is a null set and ye Y’ and
(iii) the numerical function
aEEsupﬁle(y)L yeV, y=0,

v

which is defined over Eg has vy, ils total variation over E’, finite for every
E’ € EB.
Then there exists an x, defined from S to X such that

(2.1.01) xe(y) = fE %,(y)da, Ee€p yeV’,

(2.1.02) vE =f || %|| dx for every E ¢ Ep.
E

First proof. The initial stept is to show that if £ ¢ €z and {E;} is a finite
or denumerable number of disjoint elements of € with Y ;E;=E then

(1) VE = ZVE,.

Since it is obvious from the definition of vz that vg=) v, it will be suffi-
cient to establish the reverse inequality

2 ve £ D vg;.

i
If we choose disjoint measurable sets E{, - - -, E,) in E such that vg—e
<) tog, where >0, clearly there are elements yi, - - -, ¥y, in ¥’ for which

ve — € <2 pi|ag; ()],

=1
wherep||y.| =1. Since (i) implies that xz{(y.) =2 xzis,(y:) and 3_;| xziz,(y)) |
* For a fixed E’ ¢ € the symbol E(E’) denotes the Borel field composed of all sets of the form

EE'where Ee €.
1 The theorem is trivial when ¥’ is vacuous or consists of the zero element.
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<« for each 7, we can conclude that

n
vg — €< D pi

=1

Z xE;.Ej(yi) l < Z Z Pil xE".Ej(yi) l

and hence that ve—e<D_;> w0rz; <) vz, Whenever ¢>0. This vindicates
(2), so that (1) holds and »g is completely additive over E(E’) for each
E’ ¢ Ep. An additional property of »g is that vg=0 when E is a null set, by
virtue of (ii). In view of the decomposability of S and the Radon-Nikodym
theorem these two properties lead to the existence of a measurable non-nega-
tive function ¢,(s) satisfying the condition that

3) $o(s)da = vy for every E' ¢ Ep.
El
S being decomposable it is also true that

4) | o(s) | < a.e. in S.

Let {¥.} be a denumerable dense subset of ¥’. Due to (i) and (ii) the
decomposability of S and the Radon-Nikodym theorem also imply that for
each m a measurable real function ¢.(s) exists such that

) x8(ym) = fE«pm(s)da, EeEp.

Denoting by Y, the set of all finite rational linear combinations of the ¥,’s
we then have

22(y) = 2 hize(y) = | X hipi(s)da, EE;,

1 E 1
whenever y ¢ ¥ and y=2_1/,y;. Hence for y ¢ ¥, and E ¢ €5 the total varia-
tion of xz(y) over E’ is [&/|> 1hipi(s)|da. But ¥,c ¥’ since ¥’ is linear-

thus the total variation of xz(y) over E’ is not greater than that of ||y]|o
when y e V. If y has the form y=) [k;y; where each %; is rational, then we

have
I3

> hpi(s)

da £ ||y||ve- =f Il 5| po(s)dex, E' ¢ Eg,
El
whence

(6) < ¢o(s)||9ll a.e. inS

i h,-d);(S)
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for each such y. The set ¥, being denumerable, (6) and (4) yield a null set E,
such that

™ 3 h9)| 5 000 || Sy | < =
holds for every s ¢ S—E, and every set Ay, - - - , &, of rational numbers. Now
let A, - - -, kn be any real numbers. If we choose rationals 4 such that
lim; Kj=h;forj=1,2, - - -, m, (7) implies that
S hie(9) | = tim | 35 Ko, s25 - B,

and that

Zmzhjd:,'(s) =< ¢o(s) ilhj-yj < 0, seS—Ey,i=1,2,---,

i =
Hence
(®) Z’::hﬂ’i(s) = ¢o(s) ihi}’i’l < @
holds for every s ¢ S — E; and every finite set %1, - - - , k., of real numbers.

In view of (8), a well known theorem on moments [1, p. 57] leads to the
existence, for each s e S — E,, of an element «, in the adjoint X of ¥’ such that

(9) ”xs” = ¢0(3), xs(ym) = ¢M(S)’ form=1,2,---.

Over E, let x, be the zero element of X. Due to the Hahn-Banach theorem
on the extension of linear functionals, it may be supposed that not only (9)
holds but also that

(10) (|2 = sup | 2.(3) |, ye¥', |yl =1,

for every s. This will be used in establishing (2.1.02). To obtain (2.1.01) let y
be arbitrary in ¥’ and choose a subsequence {yn,} in {y.} with lim; y,.,=y.
Then lim; x,(y.,) =.(y) for every s and {x,(y=,)} is a sequence of measurable
functions with

| xS(y"'i)l < ¢o(s) S:-lp“ymi“’ seS—Ey,i=1,2---. |

Applying Lebesgue’s convergence theorem shows that x,(y) is summable over
every E ¢ €Ep and that
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(11) f #o(y)da = lim f wo(ym))de, EeEs.
E i E
From (5) and (9) we also have
(12) xg(y) = lim xg(ym;) = lim f¢,,.,.(s)da = lim f %s(Ym;)dex
' 1 Jg i vE

for E ¢ Ep. Relation (2.1.01) now follows by combiniﬂg (11) and (12). To
prove (2.1.02) let {z,} be denumerable and dense in the surface of the unit
sphere of ¥’. We then have from (10)

(13) || %] = lim sup |%.(z.) |, seS,

so that ||x,|| is measurable and therefore summable over every E ¢ €5. From
(iif) and (10) it is also evident that gz =lim sup, |xz(z.)| for every E ¢ Es.
Relation (2.1.01) then implies that oz=lim sup, | [s%,(3.)da| and hence
05 < [51im sup. | #,(2.) | do = [g|| || dev. Thus vz < [4]|2)|da < [epo(s)do= v by
(3) and (9), so that (2.1.02) is true.

Second proof. We first cite the following

LemMA. (Doob.) Let ¥ be a metric space and Y, a denumerable set in ¥
which has the point 0 in ¥V as a point of accumulation. Let K(y, s) be a real
Sfunction defined for y e Yo and s £ S which is measurable in s for eachy ¢ V. Sup-
pose further that for any sequence { Y} of points in Vo with lim; y;=0 we have
lim K(y;, s)=0 a.e. in S. Then there is a null set E, such that

lim K(y,s) =0, seS — E,.
v—8,y€ Yy

In a slightly different form this has been proved by Doob [7, Lemma 2,
p. 758], so that we omit the proof here.

If ¢ satisfies the assumptions of the theorem, it follows from the decom-
posability of S and the Radon-Nikodym theorem that there is a real function
K(y, s) defined for y ¢ ¥’ and s ¢ .S which is measurable in s for each y and is
such that

(14) xe(y) = f K(y, s)da, yeYV' E¢Ep.
E

As in the first proof a measurable non-negative ¢,(s) exists satisfying (3)
and (4). Since (14) implies that over each E’ ¢ € the total variation of xz(y)
is [&/|K(y, s)|da and since this total variation is not greater than that of
l3]|o 2, we then have
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[ ik 9laaslsle =[5l [ adda,  yev, B e,
El El

and hence

(15) | K(y, s)| < ||7]|¢o(s) a.e. in S for each y e V’.
From (14) it follows that

(16) K(ay + by',5) = aK(y, s) + bK(y', )

holds a.e. in S. The set of points in .S where (16) fails to hold may of course
vary with the real numbers @ and b as well as with the vectors y and y’. Let ¥,
consist of all finite linear combinations, with rational coefficients, of the ele-
ments of some sequence dense in the span I' of ¥’. Since Y’ is linear we may
take ¥, to be in ¥’. Due to (16) there is a null set E{ such that

(17) K(ay +by',s) = aK(y, s) + bK(y', 5)

holds for y and " in ¥, a and b rational, and s ¢ S—E{ . In view of (4), (15),
and the inclusion of ¥, in ¥’ we may suppose E; so chosen that

(18) | K@, 5)| = ||5lleets) < 0, yeYo, seS — Ef.

Now using (18) together with the lemma of Doob we see that there is a null
set E, containing EJ and such that

(19) lim K(y,s) =0, seS — E,.
”"0.”8 YO

Thus for each s ¢ S — E, there is a §(s) >0 such that

(20) | K(y,8)| =1, if yeVoand|y]| < 8(s).

For each nonzero ye ¥, choose 3,(s) so that §,(s)/||y| is rational and
8(s)/2=8,(s) < 8(s). Then from (17) and (20)

] 6
ﬁK(y,s) = ’K<L(S), s)‘ <1
1BY 1B
holds for s e S—E; and y £ ¥, so that
2
(21) lK(y,s)| é—-—lly”, seS — Eyye¥,.
8(s)

From (17) and (21) we have for s ¢ S—E, that

2
(22) | K(3,5) — K(¥/,5)| < %Ily =9,  yeVo 5 eV,
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which shows that for each such s there is a uniquely defined point #, in T'™*
with

(23) xt(y) = K()’, S), ye Yo.

It may be supposed that the functional x, over T has been extended without
increase of norm to the whole of ¥ and is defined also for s £ E, by the equa-
tion x, =0x. Thus (10) holds. The equalities (14) and (23) show that (2.1.01)
is valid for ¥ ¢ ¥, and the statement (2.1.01) in its entirety follows immedi-
ately from this and Lebesgue’s convergence theorem since ¥, is dense in ¥’
and (18) is true. The conclusion (2.1.02) follows as in the preceding proof
since (10), (18), and (23) hold.

Neither conclusion in the above theorem remains true if only (i) and (ii)
are assumed. With regard to (2.1.01) it is sufficient to consider the completely
additive and absolutely continuous (with respect to «) function defined to
the Hilbert space L, in Example 9.4 of [31]. This set function is not an in-
tegral in the present sense and therefore no function x, exists satisfying
(2.1.01) when Y’'=L,. Example 7 of [2] exhibits an integrable function x,
defined to L, from [0, 1] for which [|x,|| is not summable. Here the vector
integral x5 = [px.da satisfies (i), (ii), and (2.1.01) for ¥/ =L, and yet ||z, is
not summable. .

The following corollary is fundamental for this chapter.

THEOREM 2.1.1. Let X be the adjoint of another space Y. Suppose xg is an
additive function defined from Ep to X and that a finite constant K exists such
that ||x5|| SKa(E) for E ¢ Ep. If Y’ is a separable subset of ¥, there exists a
Sfunction x, defined from S to X and possessing these two properties:

(2.1.11) ess. sup. ||z = K,
(2.1.12) x5(y’) = f %,(y")da, Ee€p y el
E

That is, for each such subset Y' in YV there is an essentially bounded function
which is Y'-integrable over each E ¢ Ep to the value xp.

A particular case of Theorem 2.1.1 is

THEOREM 2.1.2. Suppose X is the adjoint Y* of a separable space Y and
that xg is an additive function defined from Eg to X and Lipschitzean with con-
stant K. Then there exists a function x, from S to X such that (i) ess. sup. |||
<K and (ii) x£(y) = [rx.(y)da for every y ¢ ¥ and E ¢ Ep. Omitting sets of meas-
ure zero in S the function x, is unique.

That x, exists satisfying (i) and (ii) is obvious from Theorem 2.1.1. If x,/
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is another such function, pick {y.} dense in ¥. From (ii) it follows that
Sex.(ya)da= [ex! (y.)da or every E ¢ Ep and every #, so that x,(y,) =/ (y.)
holds a.e. in S for each ». This implies that x,(v,) =/ (y.), n=1,2, - - - | is
true for every s in a set S; such that S—S; ¢ €, The sequence {y.} being
dense in ¥, the conclusion is that x,=x, in X for each s ¢ S1, and hence x, =x,
a.e.inS.

Theorem 2.1.2 may be restated as follows.

THEOREM 2.1.2". From the assumptions in Theorem 2.1.2 it follows that there
exists an x. ¢ 85°(S) [V*, V] such that ess. sup. ||x,|| < K and =, is Y-integrable to
xg for each E ¢ Ep. This function x, is essentially unique.

Suppose the function x. given in Theorem 2.1.2’ is almost separably-
valued. Since ¥ is a determining manifold for X =¥* Theorem 1.1.9 implies
that x. € A°(S) [X]. Thus we can state

THEOREM 2.1.3. If under the assumptions of Theorem 2.1.2 the resulting
function x. is almost separably-valued, then x. & A=(S)[X ] with ess. sup. |||
=<K and xg=[gx,da for E ¢ Ep. Omitting sets of measure zero x. is unique.

Since Y is separable if its adjoint X is separable, two corollaries result
quickly from Theorem 2.1.3.

THEOREM 2.1.4. If X is a separable adjoint space and xg is an additive
Sunction from Ep to X satisfying a Lipschitz condition with constant K, there is
anx. e A=(S) [X ] such that (i) ess. sup. ||x,|| < K and (ii) xz = [sx.da, E ¢ Es.

THEOREM 2.1.5. Suppose X is a reflexive space and xg fulfills the assump-
tions of Theorem 2.1.4. Then the conclusions of that theorem hold provided that
the values of xg form a separable set in X.

Theorem 2.1.5 is implied by Theorem 2.1.4. For the functional values of xx
lie together in a separable c.l.m. X’ in X. Since X is reflexive so isf X’, and
hence X’ is a separable adjoint space.

B. Abstract representations of operations to certain adjoint spaces. The
preceding results will now be applied to obtain, in terms of abstract integrals,
representations for the general operation sending L(S) into certain adjoint
spaces.

THEOREM 2.1.6. Suppose X is the adjoint Y* of a separable space V. If
x. e 2(S)[Y* V], then x. € 8°(S) [Y*, Y | and the V-integral

(2.1.6%) U(e) = fs b(s)da

1 By a theorem of Plessner; see [16, 18].
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defines an operation U from L(S) to X. The function x. is essentially bounded
and | U| =ess. sup. |EA|

Conversely, if U is an operation from L(S) to X, there is an essentially
unique x. in {5(S) [V*, V'] such that U(¢) = [sx.¢(s)da, the integral being the
V-integral. The norm of U is | U| =ess. sup. ||z,

The first part of this is included in Theorem 1.1.5. To establish the second
half let xz = U(¢x) where ¢ is the characteristic function of E ¢ €p. Then xg
is a set function additive and Lipschitzean over €s. From Theorem 2.1.2 it
follows that there is an essentially unique x. ¢ £5°(S) [V*, ¥ ] having its ¥-in-
tegral over E coinciding with xz for every E e €. But since x. is in
L°(S)[V*, Y], by the first part of the theorem the V-integral [sx.p(s)de
defines a second operation U’(¢) from L(S) to X, with | U’| =ess. sup. ||«|.
Since U and U’ are linear and U(¢z) = U’(¢x) for each E ¢ €z, U and U’ are
identical over L(S). Therefore U(¢) = [sx.¢(s)da, where x. e &5°(S) [V*, V],
and «. is essentially unique and essentially bounded with ess. sup. ||x,|| = | U] .

Under certain circumstances an operation U from L(S) to X may have a
stronger representation, in the sense that the V-integral in (2.1.6*) becomes
an integral. For example there is

THEOREM 2.1.7. If U is an operation from L(S) to the adjoint X of a separa-
ble space Y and if the function x. defining U by means of (2.1.6%) is almost
separably-valued, then x. ¢ A=(S)[X ] and U(p) = [sx¢(s)da. The norm of U
is | U| =ess. sup. ||«

From Theorem 1.1.7 and the properties of . it is clear that x. & A=(S) [X]
and that the integral U’(¢) = [sx,6(s)da exists and defines an operation from
L(S) to X with | U’| =ess. sup. ||2J|. On the other hand, U(¢) is the V-inte-
gral of x,¢(s) for each ¢(.). Since ¥’s being a determining manifold for X = ¥'*
implies that this Y-integral coincides with the integral [sx.¢(s)da, we con-
clude that U(¢) = [sx.¢(s)da for each ¢, proving the theorem.

Theorems 2.1.6 and 2.1.7. clearly yield

THEOREM 2.1.8. Let X be the adjoint Y* of some space ¥V and suppose X is
separable. If x. is any element of L°(S)|[V*, V), then x. ¢ A(S)[X], and
U(¢) = [sxp(s)da is an operation from L(S) to X with |U| =ess. sup. |||

Conversely, given an operation U from L(S) to this space X there is an essen-
tially unique x . such that x. € A=(S) [X ] and U(¢) = [sx.0(s)dcr.

This in turn leads to

THEOREM 2.1.9. If X has a weakly compact unit sphere, an operation U is
defined and separable from L(S) to X if and only if there is an x. ¢ U°(S) [X]
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such that U(¢) = [sx.(s)de. The norm of U is | U| =ess. sup. |||, and x. is
essentially unique.

Let X’ be the separable span of U(L(S)) in X. Since X’ is separable and
has a weakly compact unit sphere, it is a separable adjoint space [1, p. 199].
By Theorem 2.1.8 there is an essentially unique x. ¢ A*(S)[X’] such that
U(¢) = [sx.¢(s)da. Moreover | U| =ess. sup. “x,“ These considerations prove
the theorem when combined with the corollary to Theorem 1.2.4.

PART 2. REPRESENTATIONS OF SEPARABLE OPERATIONS
To LY(T), 1<g=s

For Euclidean S and T the general operation from L(S) to L«(T),1 £¢=< o,
has been represented by B-space-valued functions [18, 9, 23, 24] and by
kernel integrals [18, 9, 23,42, 24, 25]. For ¢>1 the representations by means
of vector integrals and kernel integrals due to Gelfand [18] and Dunford [9]
are here extended to abstract S and 7 for which either €z or ¥5 is separable.
The case ¢=1 will be considered in Parts 3 and 4.

A. Operations with range in L4(7T), 1<g< . The space L¢(T) having a
weakly compact unit sphere when 1 <¢ < o, Theorem 2.1.9 has as a corollary
[18,9]

THEOREM 2.2.1. An operation U is defined and separable from L(S) to

Lo(T), 1<q<o, if and only if there exists an x. & A=(S) [Le(T)] such that
U(¢) = [sx:p(s)da. Here x. is essentially unique and | U| =ess. sup. ||z||.

A corresponding theorem in terms of kernels is the following [9].

THEOREM 2.2.2. Given a separable operation U from L(S) to Lu(T),
1<g< o, thereis a kernel K (s, t) such that

(2.2.2%) () = fs K(s, )(s)da, e L(S),

and
(i) K(s, t) is measurable, that is, EX ¥ measurable, over SX T,
(ii) ess.sup. (f7| K (s,#)| dB)Vi=M < =,
(iii) there exist an E, ¢ E, and a separable clm. ¥ c L«(T) such that
K(s,.)eY fors ¢ E,.
Conversely, if K (s, t) satisfies (1) and if
(iv) K(s, .) e L«(T) for almost every s, and
(v) ess. sup. | [7K(s, )Y'(t)dB| < o for each ' ¢ Lv(T),
then K (s, t) satisfies (1)-(ill) and the operation U of (2.2.2*) is defined and sepa-
rable from L(S) to Lo(T).
In either case the norm of U is the constant M in (ii).
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Any separable operation U from L(S) to L¢(T), 1<g<, must have a
representation U(¢) = [sx.¢(s)da where x. ¢ %°(S)[L*(T)]. From Theorem
1.3.5 there exists a kernel K (s, ) satisfying (i), (ii), and (2.2.2*) and such that

) %, = K(s, .) in L9(T) for each s.

Since x. ¢ A=(S)[L«(T)], (1) implies that K(s, ¢) also satisfies (iii). From
Theorem 1.3.5, | U| = M. The second half of the theorem is included in Theo-
rem 1.3.7.

For Euclidean S and T the following particular case of Theorem 2.2.2 has
already been established by methods depending on the differentiation either
of B-space-valued functions [9] or of real functions [25].

THEOREM 2.2.3. If either Eg or Fp is separable, it follows that U is an opera-
tion from L(S) to L«(T), 1<q< =, if and only if (2.2.2%) holds for some kernel
satisfying (i) and (ii) of Theorem 2.2.2. The norm of U is |U| =M.

B. Operations with range in Z*(7). On recalling that L*(T) is the ad-
joint of L(T) [1, 30, 10] and that L(T) is separable if ¥z is separable, it is
obvious that Theorem 2.1.6 yields

THEOREM 2.2.4. If ¥5 is separable, a necessary and sufficient condition
that U be an operation defined from L(S) to L*(T) is that there exist an
x. e 8°(S) [L=(T), L(T)] such that U(¢) = [sx.p(s)da, the integral being the
L(T)-integral. The function x. is necessarily essentially bounded and essentially
unique, and | U| =ess. sup. ||z

An analogue to Theorem 2.2.4 in terms of kernels is [42, 18, 24]

THEOREM 2.2.5. Suppose ¥ to be separable. Then U is an operation from
L(S) to L=(T) only if there is a K (s, t) having the properties
(1) K(s, t) is measurable,
(il) K(s, t) s essentially bounded,
(iii) for every ¢ in L(S)

(2.2.5%) U) = f K(s, H)$(s)der.
S

Conversely, if K is a given measurable kernel satisfying the conditions

(iv) ess.sup.; | K(s,?)| <o for almost every s, and

(v) ess.sup., | [K(s, )Y’ (£)dB| < o for every ¢’ e L(T),
then K satisfies (ii) and the mapping U given in (2.2.5%) exists and is an opera-
tion from L(S) to L*(T).

The norm of U is |U| =ess. sup. | K (s, #)|.

Consider an arbitrary operation U(¢) =u4 from L(S) to L*(T) where ¥s
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is separable. Let «. be the element of £5°(S) [L=(T), L(T)] associated with U
according to Theorem 2.2.4. Taking a decomposition {T;} of T, for each j
let x! be the “projection” of x, onto L*(T;), that is, #’ for each s is the essen-
tially bounded F-measurable function over T'; that coincides with x, every-
where in T;. Clearly «’ ¢ £5°(S)[L*(T;), L(T;)] for each fixed j, so that
x)(y’) is measurable in s whenever x’ operates on an element ¥’ of L(T}).
Since B(T;) <« the function x’ may be considered as defined to L(T;) where
L(T;) is separable since ¥5 is separable. So considered x’ is measurable by
Theorem 1.1.7. For L(T;) is separable, and x/(y’) is measurable for each
¥’ ¢ L(T;) and hence for each ¢’ ¢ L*(T;); thus «’ is separably-valued and
weakly measurable as defined to L(T;). Theorem 1.3.2 implies, then, that a
measurable kernel K (s, ¢) exists over SXT'; such that x/=K(s, .) in L(T;)
for each s. Hence for each j and each s we have K (s, #) coinciding a.e. in T;
with x,. Letting K(s, #) =K (s, t) for s e Sand ¢ ¢ T;, K is evidently measur-
able and, for each s, K(s, £) coincides a.e. in T with x,.

Since | U| =ess. sup. ||x.|| we now have | U| =ess. sup., ess. sup.. | K(s, ?)|
and hence by the Fubini theorem | U| =ess. sup. | K(s, )|, so that (ii) is true.
Moreover, since uy = U(¢) is the L(T)-integral of x,¢(s) over S and 2, =K (s, .)
in L*(T), we can write

J wetowcyas - fs‘”(“){ J 6 t)W(t)dﬂ}da, ¥ e L(T), 6 £ L(S);

and again applying the Fubini theorem,

S wotowriras - lew'a){ J ooxcs t)da}dﬂ, Ve L(T), ¢ £ L(S).

This implies that us(f) = [s¢(s)K (s, £)da a.e. in T, and hence (iii) is true.

If on the other hand K is a measurable kernel fulfilling (iv) and (v), it
is clear that the function x,=K(s, .) is an element of £°(S)[L=(T), L(T)].
Hence x. e €°(S)[L=(T), L(T)] since L(T) is separable. Applying Theo-
rem 2.2.4, the L(T)-integral U(¢)=ps=[sx.¢(s)da defines an opera-
tion U to L*(T) having |U| =ess. sup. [|«,|. Since K is measurable and
| U| =ess. sup., ess. sup.: | K(s, ?)|, it follows from the Fubini theorem
that K is essentially bounded over $ X T and that | U| =ess. sup... | K (s, 2)|.
Hence if ¢ ¢ L(S) and ¢’ ¢ L(T) the numerical function K(s, t)¢(s)¢’(¢) is
summable over SX T and by Fubini’s theorem

[ vl J &G, 00(0aabas = [ s [ x5, w08} e
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Now from the definition of the L(7)-integral we also have

S natircyas = f ¢(s>{ [ 6 t)¢'<t>dﬁ}da

for each ¢ ¢ L(S) and every ¢’ ¢ L(T). Thus for each ¢ the equality

S metowcoas - fth){ [ &6 t)¢(s>da}da

holds for every ¢’ ¢ L(T), which implies that u, = [sK(s, £)¢(s)da in L=(T).
This establishes the second half of the theorem, including the fact that
| U| =ess. sup. | K(s, ).

The representation given in Theorem 2.2.5 is a slight variation on a re-
sult stated for bounded Euclidean S and T by Gelfand [18]. A proof of
Gelfand’s theorem has been given by Kantorovitch and Vulich [24] using
linear partially ordered spaces and differentiation theory for real functions.
Another representation is due to Vulich [42].

As a corollary to Theorem 2.2.5 there is

THEOREM 2.2.6. When U is separable from L(S) to L=(T) there is a kernel
K defined over SXT and satisfying conditions (1)—(iii) of Theorem 2.2.5. The
norm of U is | U| =ess. sup. | K (s, t)].

Since in L*(T) the span X of U(L(S)) is a separable c.l.m., there exists
in ¥ a Borel field ¥’ such that ¥4 is separable and X is a subset of the set
consisting of all elements of L*(T) which are ¥'-measurable.* Thus X is
equivalent to a subset of the adjoint of ¥ where ¥ is the B-space of all real
functions ¥’-measurable and B-summable over 7. Since U is defined to X
and ¥j is separable, the present theorem follows from the last one.

From Theorem 2.2.6 it is clear that Theorem 2.2.5 holds when ¥z is re-
placed by Es.

Theorem 2.2.4 cannot be strengthened to read “there exists an
x. e A°(S) [L*(T)] such that U(g) = [sx.p(s)da.” Let S=T=[0, 1] and for
each s take x, to be the characteristic function of the interval [0, s]. Evi-
dently x. & 7 (S)[L*(T), L(T)], so that the L(T)-integral of x.¢(s) defines
an operation U to L*(T). If there were an x.” in UA°(S)[L*(7)] such that
U(¢) =[sx! ¢(s)da, Theorem 2.2.4 would imply that x, =2/ a.e. in S, so that
x, would be measurable and therefore almost separably-valued. But from the
definition of x, this is clearly false.

* This is a consequence of the following theorem: a necessary condition that a subset X of L3(T),
1=<¢=< =, be separable is that there exist in ¥ a Borel field §' having Fs separable and such that every

element of X is F'-measurable. If ¢ < « this condition is also sufficient. The proof of this is omitted since
the essential features can be found in Theorem 3 of [11].
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PART 3. THE REPRESENTATIONS OF OPERATIONS TAKING L(S)
Nto C¥(T) or L(T)

The remainder of this chapter is devoted to representing those operations
sending L(S) intof C*(T) or L(T) when T is an interval on the real axis
(Part 3) and to characterizing some subclasses of these operations (Part 4).
In Part 3 the approach in the L(T) case is that used by Vulich [42] and Gel-
fand [18] and consists first of choosing a space X composed of numerical
functions which include the indefinite integrals of the elements of L(T") and
then of representing the general operation U from L(S) to X in the form of
a kernel integral. Each operation from L(S) to L(T) is therefore obtained
by differentiating a kernel integral sending L(S) into X. As with these two
authors our choice of X forces T to be a real interval (finite or infinite) with
end points ¢ and d, —© =¢<d=< «©, and requires 3 to be Lebesgue measure.
Both, either, or none of the points ¢ and d may be in 7. Due to Theorem 2.1.6
we are able however to avoid one restriction present in the representation
theorem as proved by Vulich and Gelfand, namely, that S be a bounded real
interval. The present proof permits .S to be arbitrary.

Let BV(T) be the class of those numerical functions »(¢) each of which
is of bounded variation over T'; that is, BV (T) consists of those »(¢) defined
over T for which

var, »(¢) = Lu.b. Zl v(t;) — v(ti_l)| < o
x 1

holds as 7 varies over all partitions of the form == [t,<ti< - - - <%,] where
t;eT,1=0,1, - -, n. Each »(.) ¢ BV(T) has the limits »(d —0) and »(¢+40)
existing for ¢ ¢ <d; if for a fixed »(.) e BV(T) it is also true that »(c+0) =0,
v(t+0) =»(t) for every ¢ ¢ T, and v(d—0)=»(d) in case d ¢ T, then we say
that »(.) is in C*(T). With the norm ||+|| = p(v) +var, »(£), where p(») = | »(c)|
or |»(c+0)| according as c ¢ T or ¢ ¢ T, BV(T) is a B-space. In BV (T) the
set C*(T) forms a c.l.m. over which ||| =var, »(f), and C*(T) in turn con-
tains the c.l.m. AC(T) composed of the indefinite Lebesgue integrals of the
elements of L(T). Let C(T) denote those numerical functions v(f) which are
defined and continuous over 7" and have the two limits y(¢+0) and v(d—0)
existing finitely. C(T)is a separable B-space under the norm ||v|| =sup. |v(#)|.
Moreover, for each y(.) ¢ C(T) and each »(.) ¢ C*(T) the improper Stieltjes
integral

d ar
Sf v()dv(t) = lim S v(8)dv(2), ¢—c+0,d—>d—-0,

c’,d’ c’

t The definition of C*(T) is given in the next paragraph.
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exists and defines over C(7T) a linear functional having var, »(¢) for its norm.
Conversely, given a linear functional f(y) over C(T), exactly one element »(.)
exists in C*(T) such that f(y) =S /v (¢)dv(¢) for every 7.

Thus the c.l.m. C*(T) is equivalent to the adjoint of the separable space
C(T) and C*(T) contains the indefinite integrals of the elements of L(T).
Taking C*(T) as the space X mentioned abovet we can apply Theorem 2.1.6
to obtain for the generic operation U sending L(S) into C*(T) a kernel repre-
sentation U(p)=[sK(s, t)¢(s)da where K has certain detailed properties
(Theorem 2.3.1). Since C*(T) > AC(T), this leads immediately to the result
of Vulich and Gelfand, namely, that U’ is an operation from L(S) to L(T) if
and only if

d
U6 - fs K(s, )(s)da

where K (s, £) belongs to a specified class of kernels (Theorem 2.3.9).

We thus suppose T to be a fixed linear interval and BV(T), C*(T), and
C(T) to be the spaces described above. The set of operations mapping L(S)
into C*(T) will be denoted by U. Finally, it is to be noted that for each ¢ ¢ T
the functional f,(v) =»(¢) is linear over C*(T) and ||| =1.

A. Operations to C*(T). The chief theorem of this part is

THEOREM 2.3.1. Any operation U(p) =x,4 from L(S) to C*(T), that is, any
U ¢ 1, has a representation of the form

(2.3.1%) U = % = [ K, 0o()da, 6eL(S),
S

where K(s, t) is a real kernel defined over S X T and having the following proper-
lies:

(2.3.11) K(s,.) e C*(T) foreachs e S,

(2.3.12) K(.,t) e L>(S) foreachte T,

(2.3.13) K(s, ) is measurable and ess. sup. | K(s,?)| < =,

(2.3.14) ess. sup., [var,; K(s, ) |=M < =,

(2.3.15) the two iterated integrals S[ly()d{[sK(s, t)¢(s)da} and
Ss{SSHv()d.K (s, t) }¢(s)da exist and are equal whenever v ¢ C(T) and ¢ ¢ L(S).

Conversely, if K(s, t) satisfies the conditions

(2.3.16) K(s, .) e C*(T) for almost every s,

(2.3.17) K(s, t) is measurable in s for every t in a dense subset of T,

(2.3.18) ess. sup., |SSrv(t)d.K (s, t)| < = for each v(.) e C(T),

f In [41] and [18] BV(T) is chosen as the space X. For a kernel representation of the general
operation from L(S) to BV(T) see Kantorovitch [23], Vulich [42], and Gelfand [18].
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then K has the additional properties (2.3.12)—(2.3.15) and the operation U of
(2.3.1%) s defined and linear from L(S) to C*(T), that is, U ¢ 1.
The norm of U in either case is the constant M of (2.3.14).

The proof will consist of a sequence of four theorems each of which will
also be useful in later pages. The first of these is an obvious consequence of
Theorem 2.1.6.

THEOREM 2.3.2. A mapping U is an operation U(p) =v, defined from L(S)
to C*(T) if and only if thereis av. e €2(S) [C*(T), C(T)] =% (S) [C*(T), C(T)]
such that, in C¥(T), v, is the C(T)-integral [sv.p(s)do for each ¢ € L(S), that is,t

(2.3.2%) V¢~'y=f Ve yPodat, v eC(T), ¢ ¢ L(S).
s

This function v. is essentially unique and ess. sup. ||v|| =|U].
The second theorem is important.

THEOREM 2.3.3. Suppose that K (s, t) is a numerical kernel given over SXT
and that there exist an Eg e €y and a v. € 25°(S) [C*(T), C(T)] such that

(2.3.31) K(s, .) = v, in C¥(T) for each s eS — E,.

Let U be the element of W defined by the C(T)-integral U(p) =vs=[sv:p(s)dar.
Then K has the properties (2.3.12)—(2.3.16) and U(¢) = [sK (s, t)¢(s)da for each
¢ € L(S). The norm of U is the constant M of (2.3.14).

In the proof of this the following lemma will be needed.

LemuMA. If t' e T is fived and f . (v) is the linear functional over C*(T) defined
by fo(v) =v(t'), then there exists in C(T) a sequence {v.} such that ||v.|| <1 and
fe @) =lim, Sfiv.()dv(2) for every v e C*(T). The sequence {v.} is independent
of v and depends only on t’. A

If #/ =c or ' =d the respective sequences v.(t) =0 or v,(f) =1 will serve.
In case c<t'<d let {k.} be positive constants such that 7' > {¢'+4,} and
lim %,=0. For each 7 define v,(¢) to have the value 1 forc< (=) t=¢/, the
value 0 for ¢'+4,<t< (=) d, and to be linear between ¢’ and t'+#4,. Clearly
[lvall =1and Sf2va(t)dv(e) =S [iva(®)df (v) =f o (¥) +S[i " va(§)df () for arbi-
trary » e C*(T); thus it is sufficient to prove that 0=Ilim, S/s*™~,(#)df.(»).
There is no loss of generality in supposing the element »(.) of C*(T) to be
monotone non-decreasing as a function of ¢. For a fixed » of this sort we can
then write, due to %.’s being positive,

t For each » ¢ C*(T) and each v ¢ C(T) the symbol »- v represents the value taken at v by the
linear functional defined over C(T) by v, that is, v+ is the value of S f}y(t)dv(t).
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< max [ 7@ | -var [1:0); 4, ¢ + ]

t'+hy
\ s [ i

= firn, () — fo (),

and hence lim, i ™v.(¢)df.(») =0, since »(t') =»(#’4+0). This establishes the
lemma.

In Theorem 2.3.3 it is obvious, in view of (2.3.31), that K (s, #) has prop-
erty (2.3.16). Moreover, (2.3.31) and Theorem 2.3.2 imply that the C(7T)-
integral [sv.¢(s)da=v, defines an operation U(¢)=v», from L(S) to C*(T)
with |U| =ess. sup. ||».|| =ess. sup., [var, K(s, £)]; thus K(s, #) satisfies
(2.3.14). It is also evident from (2.3.31) and (2.3.2*) that

S [ 1060 = vov = [ nr6(9)da

_ fs {s f YK, t)}¢(s)da

holds for every v ¢ C(T) and every ¢ ¢ L(S). To establish (2.3.12) fix ' ¢ T.
According to the lemma there is in C(T) a sequence {v.} independent of s
and such that f, (»,) =lim, »,-v, whenever »; ¢ C*(T). Since (2.3.31) implies
that for almost every s we have both v, ¢ C*(T) and K(s, ¢') =f.(v,), the
conclusion is that lim, »,-v,=K(s, t') a.e. in S. Hence K(s, ¢') is measura-
ble, since by assumption »,-v., is measurable for each #. Moreover,

(1

(2) ess. sup. | K(s, t) l =M, t'eT,
s

because ess. sup. |7, va| <||v.|| ess. sup. ||v|| <M. Thus (2.3.12) is true.

To see that K(s, f) is measurable over SXT, for each m let fn,;
j=--+-,—=1,0,1, ... be points in T such that 0<{, ;j—im,;1<1/2™ and
lim;._o tm,;=c,lim; . tm,;=d. Define Kn(s, ) =K(s, tn,;) When tm, ;1 St <tm, ;.
From (2.3.12), K(s, ta,;) is measurable in s, so that K,.(s, ) is measurable in
SX(c, d). Since K (s, t+0) =K(s, ) for t<d and s e S—E,, it follows that
K (s, t) =lim,, K,(s, t) for each s ¢ S—E, and each ¢ not of the form t=¢, ;, c,
or d. Thus K(s, ¢) is a.e. in .S the limit of a sequence of measurable functions
~ and is therefore measurable. The inequality ess. sup. | K(s, £)| <M now re-
sults from (2) and the Fubini theorem. This vindicates (2.3.13).

In showing for each ¢ that U(¢) =vs=[sK(s, t)¢(s)da, that is, that
fi(vs) =[sK (s, D)¢(s)da for all ¢, use is again made of the lemma. Fixing ¢,
sequence {v.} exists in C(T) independently of ¢ and such that f,(vs)
=lim, v, 7., where ||v./| 1. Applying (1) this becomes
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3) vs) = iim e 1u0(0) e, 6 ¢ L(S).

On the other hand the lemma also yields the information that f.(v,)¢(s)
=lim, »,-v.¢(s) for almost all s. Since f.(v,)¢(s) equals K(s, t)¢(s) for all
s e S—E, by (2.3.31), it follows that K(s, t)¢(s) =lim, v, v.¢(s) a.e. in S.
From the inequality |v, v.¢(s)| < M||v.|||¢(s)| <M|¢(s)| and Lebesgue’s
convergence theorem, K(s, #)¢(s) is summable in s and [sK(s, )¢(s)da
=lim, [sv, v.¢(s)da. From (3) we can now write

) s = [ K(s, 09(s)da, 1T, ¢ 5 L(S),

so that U(¢) = [sK(s, £)¢(s)da where | U| =ess. sup. ||x.]| =M. The proof is
complete on noting that property (2.3.15) results immediately from (1) and
4.

THEOREM 2.3.4. Given v. £ 82(S) [C*(T), C(T)], a kernel K(s, t) exists over
SXT such that (2.3.11) is satisfied and (2.3.31) is true for some Eq ¢ Ey. Thus all
the conclusions of Theorem 2.3.3 hold for the kernel K (s, t) and the function v..

Set Ey=S[v, ¢ C*(T)] and let K(s, t) =f.(v,) for se S—E, and t¢ T,
K(s, t)=0 for s ¢ E,. Obviously (2.3.11) is fulfilled, and since E, ¢ €, and
2=(8) [C*(T), C(T)]=2(S) [C*(T), C(T)] it follows that (2.3.31) holds.

The last of the four theorems needed is

THEOREM 2.3.5. Let K (s, t) over SXT satisfy the conditions (2.3.17) and
(2.3.18), and let E, ¢ E, be such that K(s, .) ¢ C*(T) for s € S— Eq. Then the
function vy=K(s, .), s ¢ S—Ey, is in &°(S) [C*(T), C(T)] and all the conclu-
sions of Theorem 2.3.3 are true.

Since £5°(S) [C*(T), C(T)]=2=(S)[C*(T), C(T)], it is sufficient to show
that »,-y ¢ L=(S) for each y ¢ C(T). For each s ¢ S—E,, E, ¢ €, we have
ve-y =S[iv(£)dK (s, #), so that ess. sup. |»,-y| <  from (2.3.18). And from
(2.3.17) it follows that »,-v is measurable in 5. For points {f,.},#=1,2, - -,
i=---,—1,0,1,---  can be so chosen in T that 0<{, ;—¢..._1<1/2",
lim;._,, ts,:=¢, lim;., ¢.,;=d, and K (s, {,,;) is measurable in s. Setting

Pn('y’ S) = i 7(tn,i) [K(S, tn,i) - K(S, tn,i—l)]

it is clear for each v ¢ C(T) and each » that p,(v, s) exists for s ¢ S— E, and
is measurable. Moreover,

d
vy =S j Y(O)dK(s, t) = lim pa(y, 5)
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for s ¢ S— E,. Hence for each v, v,y is the limit a.e. of measurable functions,
and so is itself measurable. This ends the proof.

The demonstration of Theorem 2.3.1 can now be easily constructed. If U
is in U, there is, by Theorem 2.3.2, a ». ¢ £°(S) [C*(T), C(T)} such that
U(¢) is the C(T)-integral [sv,¢(s)da for each ¢. From Theorem 2.3.4 a kernel
K (s, t) exists over S X T having the properties (2.3.11)—(2.3.15) and such that
U(gp) =[sK(s, )$(s)da, where | U| is the constant M of (2.3.14). If, on the
other hand, K(s, ¢) is given satisfying (2.3.16)—(2.3.18), then by Theorem
2.3.5 U(¢) = [sK (s, )¢ (s)da is an operation from L(S) to C*(T) with |U| = M.

For a given kernel H(s, ¢) varying sets of conditions can be proved to be
sufficient in order that the operation U(¢) = [sH(s, t)¢(s)da should be a point
in U. The following substitution theorem may therefore be of some use in that
it asserts that each measurable kernel of this sort is equivalent, as far as
measure is concerned, to a second kernel which satisfies (2.3.11)—(2.3.15).
Moreover this second kernel defines the same operation, so that it can serve
as a replacement for H(s, #).

THEOREM 2.3.6. Given a measurable kernel H(s, t) with the property that
U(p) = [sH(s, t)p(s)da is in 1, there exists a second kernel K (s, t) such that

(2.3.61) U(p) =[sK(s,t)¢(s)de, ¢ e L(S),

(2.3.62) K(s,t) satisfies (2.3.11)—(2.3.15),

(2.3.63) the function v,=K(s, .) is in £2(S) [C*(T), C(T)],

(2.3.64) te T implies K(s, t) =H(s, t) a.c. in S,

(2.3.65) K(s,t)=H(s,t) a.e.in SXT,

(2.3.66) for almost all s the equality K(s, t)=H(s, t) holds a.e. in T.

According to Theorem 2.3.1 there is a K(s, £) such that (2.3.61) and
(2.3.62) are true. Hence for each ¢ the two integrals [sH(s, t)¢(s)da and
JsK(s, )¢(s)da coincide for every ¢ e L(S), which implies that, for each ¢,
K(s,t)=H(s, t) a.e. in S; thus (2.3.64) holds. (2.3.65) now follows from the
Fubini theorem and the measurability of the two kernels, and (2.3.66) is a
consequence of (2.3.65). Finally, since (2.3.11)—(2.3.15) imply (2.3.16)—
(2.3.18) it is seen that (2.3.63) follows from (2.3.62) and Theorem 2.3.5.

A given kernel H(s, t) may define a linear operation [sH (s, £)¢(s)da from
L(S) to C*(T) and yet possess very few desirable properties beyond the obvi-
ous ones that H(., ¢) is in L=(S) for each ¢ and that K(s, ¢) exists satisfying
(2.3.11)—(2.3.15) and having K(s, £) =H(s, t) a.e. in S for each ¢. As an ex-
ample, in the unit square let H(s, £) be the characteristic function of Sier-
pifiski’s non-measurable set that has at most two points in common with any
straight line [36]. Here [sH (s, {)¢(s)da sends each ¢ into the identically zero
function; yet H(s, £) is non-measurable, | U| =ess. sup., [var, H(s, )], and
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(2.3.16) fails to be true. The final two theorems of this part show that with
an additional assumption it can be concluded that H(s, £) does have proper-
ties (2.3.12)—(2.3.16).

THEOREM 2.3.7. Suppose that H(s, t) is measurable, that the mapping
U(p) =[sH(s, t)p(s)da is an element of 1, and that H(s, t) is for almost every s
everywhere continuous on the right in t, Then H(s, t) satisfies (2.3.12)—(2.3.16)
and v,=H(s, .) is in £2(S) [C*(T), C(T)].

If K (s, ¢) is the kernel given in the conclusion of Theorem 2.3.6 , the equal-
ity H(s,t) =K(s, t) holds a.e. in T for almost every s. Since for almost every s
it is also true that H(s, ¢) is continuous on the right over T, it is evident there
exists an E, ¢ €, such that s e S—E, implies H(s, ) =K(s, t) everywhere
in T'; for two functions of ¢ both continuous on the right and coinciding over
a dense set are necessarily identical. Thus H(s, .) is, for almost every s, the
element K(s, .) of C*(T). Since K(s, .) € £°(S)[C*(T), C(T)] by Theorem
2.3.5, it follows from Theorem 2.3.3 that H(s, ¢) satisfies (2.3.12)—(2.3.16).
From this fact and from Theorem 2.3.5 we conclude also that »,=H(s, .) is
in 2(S)[C*(T), C(T)].

THEOREM 2.3.8. Suppose H(s, .) is essentially defined to C*(T) and that
U(p) = [sH(s, t)p(s)de is in U. Then v,=H(s, .) is in

2 (9 [cx(D), ¢(D)]

and all the conclusions of Theorem 2.3.3 hold. In particular H(s, &) satisfies
(2.3.12)-(2.3.16) and hence is measurable.

It is evident that H (s, ¢) satisfies (2.3.16) and (2.3.17). In view of Theorem
2.3.5 there is need only of showing that ess. sup., |S/%y(£)dK (s, #)| < « for
each v ¢ C(T). This may be proved as follows. The function 2, =H(., ?) is
defined from T to L>(S) and %, ¢ = [sH(s, t)¢(s)da is of bounded variation
in ¢ for each ¢ ¢ L(S). Hence from [10] it is seen that %, is an abstract function
having bounded variation in the sense of that paper, and that the abstract in-
tegral V(y) =S /%y (2)-d k. exists as an element of L=(S) for eachye C(T). Fix
v and in T choose points {¢,.},n=1,2, -+ ,i=---,—1,0,1, - - satisfy-
ing the conditions 0 <¢,,;—?,,: 1<1/27 and lim;._, ¢.,:=c¢, lim;., t.,. =d. For
each s such that H(s, .) ¢ C*(T) the function w,(s) =2 :y(ta,:) [H(S, ta.:)
—H(s, tn,:1)] is defined and lim,, pu.(s) =S /v (¢)d.H(s, t). On the other hand
from the definition of S 2y (£)d .k, we have V(y) =lim, u.(.) in L=(S), so that
{ua(s)} converges a.e. in S to u(s) where u(.)=V(y). Since H(s, .) e C*(T)
for almost all s, we now have S [y (¢)dH (s, {) =u(s) holding a.e. in S, and hence

ess. sup. |S/iy({)dH(s, t)| < . This establishes Theorem 2.3.8.
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As an immediate corollary we see that if H(s, .) and K (s, .) are essentially
defined to C*(T) and define the same operation U ¢ U then H(s, t) =K(s, £),
teT,seS—E,forsome E, ¢ E,.

B. Operations from L(S) to L(T). From Theorem 2.3.1 the reader can
easily infer [42, 18]

THEOREM 2.3.9. Any operation U’ from L(S) to L(T) has a representation
of the form

d
(2.3.9%) U@ = o= [ K, 09(s)da, 62 L(S),

where [sK(s, t)¢(s)da ¢ AC(T) for each ¢ and K (s, t) has properties (2.3.11)~
(2.3.15). The norm of U’ is the constant M of (2.3.14).

Conversely, if K (s, t) satisfies (2.3.16)—(2.3.18), the operation U’ of (2.3.9%)
is defined from L(S) to L(T) and K (s, t) has properties (2.3.12)—(2.3.15). Here
|U’'| <M, with equality holding if [£K (s, t)da & AC(T) for each E ¢ Ep.

PART 4. SUBCLASSES OF THOSE OPERATIONS HAVING THEIR
RANGE IN C*(T) or L(T)

In the preceding it was seen that any operation U’ from L(S) to L(T) has
arepresentation

d
(2.4.01) Us) = — fs H(s, D (s)dex

where H is measurable and H(s, .) is defined to BV(T) (to C*(T) actually).
Since some operations mapping L(S) into L(T) cannot have the form

(2.4.02) U'(¢) = f K'(s, ))$(s)da

where K’ is measurable, the question naturally arises as to when a given U’
does have the more convenient representation (2.4.02). In this part an answer
.is given in the following terms. U’ can be written in the form (2.4.02) with K’
measurable and ess. sup., [r|K'(s, £)|d8 < « if and only if among the repre-
sentations (2.4.01) of U’ there is one with H measurable and H(s, .) essen-
tially defined to some separable c.l.m. in BV(T). This result is obtained by
establishing in terms of kernels a necessary and sufficient condition that a
given U ¢ U be representable as U(gp) = [sv,¢(s)da where v. & A=(S) [C*(T)].
In the third section characterizations by means of kernels are given for the sub-
class in I composed of those operators defined by elements of A*(S) [AC(T) ].
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A. Operations to C*(T) given by almost separably-valued kernels. We
begin with

THEOREM 2.4.1. Suppose U ¢ U has a representation U(p) = [sv.p(s)da
where v. ¢ A°(S) [C*(T)). In C*(T) let ¥ be the separable span of U(L(S)).
Then

(1) v. is essentially defined to Y,
(i1) U can be written as

v = [ K5, 09(5)da

where K (s, t) has properties (2.3.11)—(2.3.15) and K(s, .) =v, for almost every s,
(iii) K(s, .) is essentially defined to ¥ and K (s, .) is almost separably-valued
in C*(T). The norm of U is | U| =ess. sup. ||v,|| =ess. sup., [var, K(s, ) ].

From the corollary to Theorem 1.2.4 the span YV is separable in C*(T)
and by Theorem 1.2.9 ». is essentially defined to ¥. The remaining conclu-
sions can now be derived from Theorem 2.3.4.

In the direction reverse to Theorem 2.4.1 there is the more difficult

THEOREM 2.4.2. Let U(¢) = [sH(s, t)p(s)da be an operation from L(S) to
C*(T) where H is measurable and H(s, .) is essentially defined to a separable
clm. X in BV(T). Then :

(1) H(s, .) is essentially defined to the separable clm. ¥ =C*(T)-X in
C*(1),

(ii) H(s, t) has properties (2.3.12)—(2.3.16),

(ili) U has a representation U(p) = [sv.d(s)da where v. ¢ A=(S)[V] and
H(s, .)=v, in C*(T) for almost every s, and

(iv) therangeof UisinY and | U| =ess. sup.||»,|| =ess.sup., [var, H(s,?)].

Let K(s, ¢) be a kernel representing U according to Theorem 2.3.6 so that
for almost every s we have K (s, £) =H(s, t) a.e. in T. Since H(s, .) is essen-
tially defined to X, there is then a null set E; such that for each s e S— EJ

(€)) H(s,t) = K(s,t) a.e.in T,

2) H(s,.) e X< BV(T).

The subset X being separable, a denumerable set {s.} exists in S—E¢
with the property that for each s ¢ EJ there is a subsequence {s,;} such

that lim;.,, ||H(s, .) —H(sm,, .)|| =0, the norm being taken in BV(T). This
implies that

€)) lim H(sm;, t) = H(s, t) uniformly in .

i— o0
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Since H(sn, t) is of bounded variation in ¢, the set of points in T for which
the equality H(sm, £) =H (sm, t+0) holds for every m includes all of T' except
an at most denumerable set. Let {f,} be this exceptional set plus any end
points of T that may be in 7. From (2.3.64) there is for each »# a null set E,
such that H(s, t,) =K(s, t,) for s ¢ E,. Let Eo=E{ 4+ _E,, so that E, is null.
For each s ¢ S—E, we now have not only (1)-(3) holding but also

4) H(s, t,) = K(s, t,), n=12---

From (3) it is seen that if s ¢ Eo and H(s, t*+0) = H(s, t*) for some ¢* then
H(sm,, t*+0) 7 H(sm,, t¥) for at least one 7. This of course means that t* =t,
for at least one #. Hence we can conclude that for s ¢ E,

(5) H(s,t+0) = H(s, ?), te{t.).

For each fixed s ¢ S—E, it now follows that H(s, {)=K(s, t) for all 4.
For (1) implies that H(s, {) =K(s, £) over a dense set in T so that

(6) H(s,t+0) = K(s,¢t + 0) for every ¢.

From (4), (5), (6) and the right continuity of K (s, f) everywhere in T it is
then seen that

K(s,t) = K(s,t+0) = H(s,t + 0) = H(s, t)

holds for all ¢. Since s ¢ S—E, implies K(s, .) e C*(T) and H(s, .) ¢ X,
H(s, .) is essentially defined to Y. This establishes (i). Conclusion (ii) fol-
lows from (i) and Theorem 2.3.8. To obtain (iii) we set »,=K(s, .) and note
first that »,=H(s, .) for almost all s. From Theorem 2.3.5 and the equality
v.=K(s, .) it follows that ». e 5°(S)[C*(T), C(T)]. Since », coincides a.e.
over S with the almost separably-valued function H(s, .), Theorem 1.1.9
then implies that ». e A=°(S)[C*(T)] and Theorem 2.3.3 asserts that
JsH(s, H)¢(s)da= [sv,p(s)da in C*(T). Thus (iii) is proved. It is a result of
(iii) and Theorem 1.2.4 that the range of U is in V. The theorem is established.

With each U el there are associated two other operations, U’(¢)
=dv4(t)/dt with range in L(T) and

ve = [ [57 o) |

with range in AC(T). The first of these can always be represented in the form
(2.3.9*) but not always can it be written as U’(¢) = [sK'(s, t)¢(s)do where K’
is measurable. In the next theorem a condition is given which is sufficient
that such a K'(s, t) exist.
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THEOREM 2.4.3. From the assumptions of Theorem 2.4.2 it follows that the
associated operation

U'(8) = % J #6600
from L(S) to L(T) can be represented as
(2.4.31) 0'6) = [ vas(s)da
where . & A=(S)[L(T)], and as
(2.4.32) U'(¢) = fs K'(s, )¢(s)dee

where (1) K'(s, t) is measurable, (i) K'(s, .) =y, is in L(T) for every s, and
(ili) for almost every s, K'(s, £)=dH(s, t)/dt a.e. in T. The norm of U’ is
|U’| =ess. sup., [z| K'(s, t)| dB.

Let W(v)=y assign to each »(.) e C*(T) its derivative function ¥(?)
=dv(t)/dt. Then U’(¢) =W(U(¢)) = W ([sv.p(s)da) where v. & U=(S) [C*(T)]
and »,=H(s, .) a.e. in S. Hence [2] U’(¢) =[sW (v.)¢(s)da, and ¢, =W (»,) is
in %A=(S) [L(T)]. Thus U’(¢) = [s¢«p(s)de and | U’| =ess. sup. ||||. Theorem
1.3.5 now provides a measurable kernel K’(s, ¢) such that K’(s, .) is in L(T)
for each s, U'(¢) =[sK'(s, t)¢(s)de for every ¢ ¢ L(S), and | U’| =ess. sup.,
Jr|K'(s, t)| dB. Finally, for almost every s we have W(H(s, .)) =W () =¥,
=K'(s, .) and so dH (s, t)/dt=K'(s, t) a.e.in T.

The preceding results may be collected in the following statement.

THEOREM 2.4.4. For a given U & U these three conditions are equivalent:

(2.4.41) U has a representation (2.3.1*) with K (s, t) measurable and K (s, .)
almost separably-valued in BV (T),

(2.4.42) U has a representation (2.3.1) with K(s, .) almost separably-valued
in C¥(T),

(2.4.43) thereis a representation U(¢) = [svsp(s)dawithv. e A=(S) [C*(T)].

Each of these implies that

(2.4.44) U’'(¢p)=dU(¢)/dt can be written as U’(¢p)=[syp(s)da with

Y. e A=(S)[L(T)], and

' (2.4.45) U’ has a representation U'(¢p) = [sK'(s, t)¢p(s)da where K'(s, £)
is measurable, K'(s, .) is defined to L(T), and for almost every s, K'(s, t)
=dK(s,t)/dt a.e. in T, K(s, t) being any kernel satisfying (2.4.41) or (2.4.42).

If one of the conditions (2.4.41)—(2.4.43) is satisfied, then | U’| =ess. sup.,
Jz|K'(s, )| dB.
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Perhaps the only remark needed here is this. Suppose (2.4.41) holds and
let K'(s, t) be the kernel given in Theorem 2.4.3. Then for almost every s we
have K’'(s, t) =dK(s, t)/dt a.e. in T, where K(s, t) is the kernel assumed to
satisfy (2.4.41). But if Ki(s, ¢) is any other kernel satisfying (2.4.41) or
(2.4.42), then K(s, t) =K (s, ¢) is an identity in ¢ for almost all s, by Theorem
2.3.8. Thus K'(s, ¢) fulfills every part of (2.4.45).

B. Operations U’ to L(T) of the form U’(¢) = [sK'(s, t)¢(s)da. Thanks
to Theorem 2.4.4 several conditions can be given each of which is necessary
and sufficient that an operator U’ from L(S) to L(T) be representable in the
form (2.4.02). In precise terms we have

THEOREM 2.4.5. Let U’ be an operation from L(S) to L(T). The following
four conditions are equivalent:
(2.4.51) U’ can be written as

U'(e) = f K'(s, )6(s)der
S

where K' is measurable and ess. sup., [r|K'(s,t)|dB< = ;
(2.4.52) U’ can be written as

U(e) = f b

where Y. ¢ A=(S) [L(T) ];
(2.4.53) among the representations

d
U6 = ) HGs, 6

there is one with H measurable and H(s, .) essentially separably-valued in
BV(T),

(2.4.54) among those U ¢ W for which U'(¢p) =dU (¢p)/dt there is one having
representation U(¢) = [sv.p(s)da where v. & A=(S) [C*(T)].

Under condition (2.4.51) the norm of U’ is | U’| =ess. sup., [r| K'(s, t)| dB.

From Theorem 2.4.4 it is seen that (2.4.53) and (2.4.54) are equivalent
and that either implies both (2.4.51) and (2.4.52). Conditions (2.4.51) and
(2.4.52) are equivalent in view of Theorems 1.3.5 and 1.3.6.1 To complete the
proof it is sufficient to show that (2.4.52) implies (2.4.54). Let I be the opera-
tor from L(T) to AC(T) assigning to each ¢ its indefinite integral. Setting

t Thus when T is abstract (2.4.51) and (2.4.52) are still equivalent, and the norm of U’ is

€SS Sup, fﬂ K'(s, t)| dB in case (2.4.51) is satisfied. The second statement was established by Vulich
[42] for real intervals S and T. :
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V(p) =I(U’(¢)) it is evident that V ¢ Ul and that U’(¢) =dV (¢)/dt. Moreover
U(p) =1([sy:d(s)da) = [svepp(s)da, where v,=1(y,) and ». & A*(S)[AC(T)]
since ¥. ¢ A*(S)[L(T)]. Thus (2.4.54) is satisfied.

Two comments on condition (2.4.51) may be made. First, the require-
ment that ess. sup., /7| K'(s, £)|d8 be finite may be replaced by the
equivalent one that K’(s, .) be essentially defined to L(T) and that
ess. sup., | [7K'(s, )¥/(¢)dB| be finite for each ¢'(.) ¢ L=(T). Secondly,
if S is Euclidean, K’ is measurable, and U’(¢) = [sK'(s, t)¢(s)de is an op-
eration from L(S) to L(T), then necessarily ess. sup. [z|K'(s, £)|dB< =, as
Kantorovitch and Vulich have shown [24, p. 146].

C. Operations to AC(T) given by almost separably-valued kernels.
Among the operations to C*(T') that are representable by almost separably-
valued kernels there is the proper subclass consisting of those having their
range in AC(T). This subclass is characterized in the following theorem.

THEOREM 2.4.6. For a given U € U these five conditions are equivalent:

(2.4.61) U(¢p) =[sK (s, )¢(s)da where K is measurable, K(s, .) is almost
separably-valued in BV (T), and [£K (s, t)da € AC(T) for every E ¢ E5,

(2.4.62) U(¢p)=[sK(s, t)p(s)da where K(s, .) is essentially defined to
AC(T),

(2.4.63) U(p) = [svsp(s)dawithv. e A=(S) [AC(T)],

(2.4.64) U(L(S)) € AC(T) and U’(¢p) = [syp(s)da with . € A=(S) [L(T)].

(2.4.65) U(L(S)) € AC(T) and U'(¢) = [sK'(s, t)p(s)da where K’ is meas-
urable and ess. sup., [r|K'(s, t)|dB< =.

A kernel K satisfies (2.4.61) if and only if it satisfies (2.4.62); if it satisfies
either and if K’ fulfills (2.4.65), then

| U] =| U’"| = ess. sup. f | K'(s, t)| d8 = ess. sup. [var, K(s, #)]
s T s

= ess. sup. f
$ T

and, for almost every s, K'(s, t) =dK (s, t)/dt a.e.in T.

dK( t)}dB
a

Suppose (2.4.61) holds for a given kernel K. Theorem 2.4.2 then asserts
that U(¢) = [sv.¢(s)da where v. ¢ A=(S) [C*(T)] and »,=K(s, .) a.e. in S.
From Theorem 2.4.1 and the assumption that U(L(S)) c AC(T) it follows
that ». ¢ A=(S)[AC(T)] and hence K(s, .) is essentially defined to AC(T).
Thus if K fulfills (2.4.61) it also fulfills (2.4.62). When K satisfies (2.4.62)
it follows from Theorems 2.4.2. and 2.3.8 that (2.4.63) holds and that K satis-
fies (2.4.61). Condition (2.4.64) follows easily from (2.3.63); it is sufficient to
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recall Theorem 1.2.9 and the proof of Theorem 2.4.3. The equivalence of
(2.4.64) and (2.4.65) is included in Theorem 2.4.5, and it is obvious that
(2.4.65) implies (2.4.63). Finally, (2.4.61) results from (2.4.63) by Theorem
2.4.4. This completes the proof of the equivalence of the conditions (2.4.61)—
(2.4.65) and the fact that K fulfills (2.4.61) if and only if it fulfills (2.4.62).
The rest of the theorem can be inferred from Theorems 2.4.4 and 2.4.5.

THEOREM 2.4.7. Let U be in U and U(p) = [sH(s, )¢(s)da where H(s, .)
is essentially defined to C*(T). Suppose any one of the conditions (2.4.61)—
(2.4.65) is satisfied. If K(s, t) is any kernel fulfilling (2.4.61) or (2.4.62), then
H(s, .)=K(s, .) in C*(T) for almost all s. Hence H(s, .) is essentially defined
to AC(T).

This comes immediately from Theorems 2.3.8, 2.4.2, and 2.4.6.

By considering two simple examples a few comments can be made on the
preceding theorems. Set S=7= [0, 1] and let U assign to each ¢ & L(S) its in-
definite integral. It is easily verified that U(¢)=/[sH(s, t)¢(s)da where
H(s,t)=01if s>t and H(s, t) =1 if s<¢. From this and Theorem 2.4.7 there
follows the well known fact that the identity operation I from L(S) to L(S)
cannot be represented as I(¢) =¢ = [sK'(s, t)¢(s)da where K'(s, t) is measur-
able. For here U’ coincides with 7, and if I were so representable (i) and (ii)
of (2.4.65) would be fulfilled; it would then result that H(s, .) is essentially
defined to AC(T), which is clearly false. This example also shows that those
operators from L(S) to AC(T) defined by almost separably-valued kernels
form a proper subclass of all the operators on L(S) to AC(T). Consequently
the set of all operations from L(S) to C*(T), S=T = [0, 1], is larger than the
subclass consisting of those having representations by means of almost sepa-
rably-valued kernels.

The operators characterized in Theorem 2.4.6 form an even smaller class.
For an example it is enough to consider U(gp) = [sn(t)£(s)¢(s)da where
S=T=[0, 1], (.) e C¥(T)—AC(T), and &(.) is bounded, measurable, and
has «© >ess. sup. |£(s)| >0. Here AC(T) $ U(L(S)), yet H(s, .)=£(s)n(.) is
separably-valued and is in %=(S) [C*(T)].

These two examples also prove that no one of the conditions (2.4.61)-
(2.4.65) remains equivalent to the others if in that particular condition either
AC(T) is replaced by C*(T) or the assumption that H(s, .) is almost separa-
bly-valued is dropped.

PART 5. THE ITERATIVE INTEGRALS ASSOCIATED WITH CERTAIN KERNELS

Before ending Chapter II we should like to make a few remarks concern-
ing the existence and equality of the iterative integrals associated with some
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of the kernels discussed in Parts 3 and 4. The following result, already estab-
lished in Theorem 2.3.7, is an illustration.

THEOREM 2.5.1. Suppose U is in U and U(p) = [sH (s, t)¢(s)da where (i)
H(s, t) is measurable and (ii) H(s, t) is everywhere continuous on the right in t.
Then the two mixed integrals

SfT 'y(t)d{ fs H(s, t)q&(s)da} ) fs{S fT v(t)dH (s, t)}cﬁ(s)da

exist and are equal when v(.) e C(T) and ¢(.) € L(S).
Another result of the same sort is

THEOREM 2.5.2. Theorem 2.5.1 remains true if in place of (ii) it is assumed
that var, H(s, ) < « for almost every s.

Let K(s, £) be the kernel given in the conclusions of Theorem 2.3.6; the
above two integrals then necessarily exist and coincide when H is replaced
by K. In addition, [sH(s, {)¢(s)da=[sK(s, t)¢(s)de, so that

S fT ww{ fs H(s, t)¢(s)da} = fs{s fT Y(£)dK (s, t)}¢(s)da.

On the other hand, for almost every s the two functions H(s, ) and K(s, ¢)
are of bounded variation with respect to ¢ and coincide a.e. in 7. This implies
that Sfry(#)dH (s, ) =S[rv(#)dK (s, t) for every v(.) ¢ C(T) and almost every
s, and hence

fs{sfr'y(t)dH(s, t)}fb(s)da =fS{SL'y(t)dK(g, t)}¢(s)da.

For almost separably-valued kernels a stronger conclusion can be made.

THEOREM 2.5.3. If, in Theorem 2.5.1, (ii) is replaced by the assumption that
H(s, .) is almost separably-valued in BV (T), then the two mixed integrals
(Lebesgue and Radon-Stieltjes)

fs o(s) { fQ H(s, t)dF(P)}da , fo{ fs H(s, t)¢(s)da} dF (P)

exist and are equal for each ¢ ¢ L(S) and each F(P) which is bounded and addi-
tive over all subsets P of the space Q consisting of all partitions of T.

From Theorem 2.4.2 the function »,=H(s, .) is in A=(S)[C*(T)] and
U(¢) = [svs¢p(s)da. For each linear functional f(v) over C*(T) we then have
F(U(@)) =fsf(vs)d(s)dea. Since each F(P) defines such a functional by means
of the Radon-Stieltjes integral [20] and since »,=H(s, .) in C*(T) for
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almost every s, it follows that [of[sH(s, t)¢(s)da}dF(P)=Ff(U(s))
= s (s, DAF(P) Jo(s)de

THEOREM 2.5.4. From the assumptions of Theorem 2.5.3 it also follows that

S v [ a6 vs0aa]a- [ ROINRE (< 60t e

whenever ¢ ¢ L(S) and ¥ ¢ L=(T). Hence

S o= [ LS, G o))

for eacht e T and each E ¢ Ep.

Here the operation U’(¢)=(d/dt)[sH(s, t)¢(s)da can be written as
U’'(¢p) = [s¥sp(s)da where ¢. ¢ A=(S)[L(T)] and ¢, is for almost every s the
element dH (s, t)/dt in L(T). Thus f(U’(¢)) = [sf(¥s)¢(s)de for every f in the
adjoint of L(T), so that the above two integrals exist and are equal for each
¢ e L(S) and ¥ ¢ L=(T).

CHAPTER III. RESTRICTED OPERATIONS TO ARBITRARY SPACES

ParT 1. WEAKLY COMPLETELY CONTINUOUS AND COMPLETELY
CONTINUOUS OPERATIONS

In this chapter the restrictions and emphasis are placed upon the opera-
tion rather than upon the range space. Only those operations U will be con-
sidered which map L(S) into an arbitrary B-space X and fulfill one of the
requirements (i) U is defined by an element of %A=(S) [X], (ii) U is weakly c.c.,
or (iii) it is c.c. Our aim is to obtain properties and vector integral representa-
tions of the three classes of operators defined respectively by these conditions.

Part 1 contains the proof that every U satisfying (i) must map weakly
compact sets into compact sets and also provides conditions necessary and
sufficient that an operation which satisfies (i) also satisfy (ii) or (iii). When S
is Euclidean we are able to be more precise; in Theorem 3.1.9 characteristic
representations are given for the weakly c.c. and the c.c. operations from
L(S) to* X. In addition it is shown, without restricting S or T, that a map-
ping U is a c.c. operator from L(S) to L«(T), 1=<q=< =, if and only if
U(¢p) = [sx(s)¢(s)da where x(.) is an essentially compact-valued element of
A=(S) [L«(T)].

* The representation to be given for c.c. operations was originally due to Gelfand [18], who es-
tablished it for the case in which S is a bounded real interval.
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A. Sufficient conditions for weak complete continuity and complete con-
tinuity. We begin by considering those operations generated by certain ab-
stract integrals.

THEOREM 3.1.1. Let x(.) be in R5°(S) [X, X*]. Then (i) if x(.) is essentially
weakly compact-valued, it is essentially bounded and the operation U(ep)
= [sx(s)p(s)da is weakly c.c. from L(S) to X ; and (ii) if x(.) is essentially com-
pact-valued, it is in A=(S) [X ] and U is c.c.

Suppose E, ¢ €, is such that (S —E,) is weakly compact. Every weakly
compact set being bounded, x(s) obviously is essentially bounded. More-
over, R(x(S—E,;)) must be weakly compact, so that the point set sum
Y =x(S—E,)+R(x(S—E,)) has the same property. From a theorem of
Chmoulyan [39] it follows that the closed convex hull C[¥] is necessarily
weakly compact. Since C[V] 2 U(g) for every ¢ with ||¢|| <1 by part (iii)
of Theorem 1.2.5, clearly U is weakly c.c. If x(S— E,) satisfies the stronger
condition of being compact, then x(.) is essentially bounded and almost sepa-
rably-valued, and is therefore in %=(S)[X ] by Theorem 1.1.7 since f(x(s)) is
in L=(S) for every f ¢ X*. In addition the set ¥ is compact and so C[¥] is
compact, from a result of Mazur [28]. Again applying Theorem 1.2.5 it is
seen that U is c.c.

The next theorem is one of the most important in the paper.

THEOREM 3.1.2. For an otherwise arbitrary x(s) suppose there exist an
Eye €, and a clm. T € X* such that x(S—E,) is separable and T' is a deter-
mining manifold for x(S—E,). If x(.) ¢ &=(S)[X, T'], then x(.) ¢ A=(S)[X].
Moreover the following are true for x(.) since they are true for any element of
A=(S) [X]:

(1) U(p)=[sx(s)¢(s)da defines a separable operation U from L(S) to X
that takes weakly compact sets into compact sets and has | U| =ess. sup. ||« (s)|,

(II) U is weakly c.c. if and only if x(.) is essentially weakly compact-
valued, '

(III) U is c.c. if and only if x(.) is essentially compact-valued.

The first statement is given by Theorem 1.1.7. Now suppose x(.) is any
element of A=(S)[X]. Since conclusions (II) and (III) follow immediately
from Theorem 3.1.1 and (IV) of Theorem 1.2.10, only (I) remains to be
proved. We thus wish to show that U(®) is compact when ® is weakly com-
pact and «(.) is an arbitrary element in the class %=(S) [X].

Suppose x(.) is almost countably-valued, that is,

(1) in € there are disjoint elements E;, =0, 1, 2, - -, such that
> XE;=S, E, ¢ &, and, for i=1, (s) has a constant value ; on E;.
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For each ¢ ¢ L(S) we have .| [z¢(s)da| <||¢|| and hence P(p)
={[ep(s)da}, (i=1, 2, ), is an operation from L(S) to I. The image
P(®) of the weakly compact set ® must then be weakly compact. Since in /
compactness and weak compactness are equivalent properties, the set P(®)
is actually compact. Now consider the bounded sequence {x;}. The mapping
QW) =2_x; is defined from I to X and is an operation, so that Q(P(®)) is
compact in X. But for each ¢ ¢ L(S) the equality U(p) =D ;" [zx(s)¢(s)da
=) "x:[s.4(s)da holds, and hence U(p) =Q(P(¢)). Thus U takes weakly
compact sets into compact sets when x(.) satisfies (1).

Now let x(.) in A*(S)[X] be arbitrary and let K be a bound for the
weakly compact set ®. From the measurability of x(.) it follows [31, Corol-
lary 1.12] that for each €>0 a measurable function x’(s) exists satisfying
both (1) and

(2) ess. sup. ||x(s) —=(s)]| <e¢/2K.

From this fact we can conclude that U(®) is totally bounded and hence is
compact. For z’(.) ¢ A~(S) [X] as a consequence of (2), so that by the preced-
ing case (1) implies that U’(¢) = [sx’(s)¢(s)da is an operation mapping ® into
a compact set. Thus U’(®) is totally bounded and can be covered by a finite

number of spheres having centers x/, =1, 2, - - - | m, and radii each less
than e/2. Since
||U(¢) — U'(¢)|| =< ess. sup. ”x(s) — x'(s)||-l|¢||, ¢ e L(S),

we have || U(¢) —U’(¢)|| <e/2 for ¢ ¢ ®. This implies that for each ¢ ¢ ® the
point U(g) is within e of one of the centers x/. Thus U(®) is totally bounded.
The next four theorems are immediate corollaries to Theorem 3.1.2.

THEOREM 3.1.3. A given measurable function x(s) is essentially (weakly)
compact-valued if and only if U(p) = [sx(s)¢p(s)da is defined and (weakly) c.c.
from L(S) to X.

THEOREM 3.1.4. A necessary and sufficient condition that {x,} c X be a
(weakly) compact sequence is that {x,} is bounded and the operation U(p)

=D wPun, d= {0}, from I to X is (weakly) c.c.*

THEOREM 3.1.5. U is defined and (weakly) c.c. from I to X if and only if
if it can be written as U(p) =) ¥, where {x,} is (weakly) compact in X. The
norm of U ist sup ||x.|.

THEOREM 3.1.6. If x(.) e A*(S)[X] is essentially weakly compact-valued,
then U(p) = [sx(s)p(s)de is weakly c.c. from L(S) to X and takes weakly com-

* The two propositions given in Theorem 3.1.4 are equivalent respectively to those of Chmoulyan

and Mazur used in proving Theorem 3.1.1.
t The statement concerning c.c. operations that is included in this theorem is due to Gelfand [18].
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pact sets into compact sets. Hence, if X =L(S), the iterated operation Ur(¢) is
defined and c.c. from L(S) to L(S) for n2 2, which implies that the fixed points of
U form a finite-dimensional c.l.m. in L(S).

From (I) of Theorem 3.1.2 and Theorems 2.1.8 and 2.1.9 we also have

TrEOREM 3.1.7. If X is either a separable adjoint space or has a weakly com-
pact unit sphere, then
(i) U is an operation defined and c.c. from L(S) to X if and only if
U(p) =[sx(s)p(s)do where x(.) is an essentially compact-valued element of
A=(S) [X].
If X has a weakly compact unit sphere, then
(i) U is an operation defined, separable, and weakly c.c. from L(S) to X
if and only if U(p) = [sx(s)d(s)do where x(.) is an essentially weakly compact-
valued element of A=(S) [X ], and
(iii) every separable operation from L(S) to X takes weakly compact sets into
compact sets.
When X is a separable adjoint space, statements (ii) and (iii) are true with the
word “separable” deleted.

The space L¢(T) having a weakly compact unit sphere in case 1<¢< «,
Theorem 3.1.7 yields

THEOREM 3.1.8. When X =L4(T), 1<q< =, conclusions (i)—(iii) of Theo-
rem 3.1.7 hold.

B. Criteria for weak complete continuity and complete continuity when S
is Euclidean. The theorem below solves for Euclidean .S the problems of char-
acterizing the weakly c.c. and the c.c. operations from L(S) to an arbitrary X.

THEOREM 3.1.9. Let S be a Euclidean interval, finite or infinite, and let o
be Lebesgue measure. An operation U is defined and (weakly) c.c. from L(S) to X
if and only if there exists in A=(S)[X ] an essentially (weakly) compact-valued
x(.) such that U(¢) = [sx(s)¢(s)da. The norm of U is ess. sup. [|x(s)||.

By reason of Theorem 3.1.2 and the fact that complete continuity implies
weak complete continuity, it suffices to prove that every weakly c.c. oper-
ation U from L(S) to X has a representation U(gp) = [sx(s)¢(s)da where
x(.) ¢ A=(S)[X]. Suppose U to be such an operation and S to be bounded.
Consider a fixed point s in the interior S° of S and let {I,/ } be some sequence
of nondegenerate cubes such that §°> 7,/ 3 sand lim, «(Z,/) =0.Ifx,! =U(s,)
where ¢/ =¢r;/a(I,!) then since ||¢,/|| <1 and U is weakly c.c. it follows that
{x!} contains a subsequence {x,} converging weakly to an element x(s)
of X. From this convergence property it is evident for any fe X* that
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f(x(s)) =lim, f(x,) =lim, f(X;,)/a(I,) where X is the image under U of the
characteristic function of the figure R. Since {I ,,} closes down on s, this im-
plies that if f(Xg) is differentiable at s its derivative there has the value
f(x(s)). Since a(S —S°) =0, the function x(s) is thus defined a.e. in S and has
the property that for each f ¢ X* the numerical additive Lipschitzean func-
tion f(Xr) has its derivative coinciding with f(x(s)) wherever this deriva-
tive exists. At this point we make the observation that since L(S) is separable
and U is continuous, there is no loss of generality in assuming X to be separa-
ble. We now have the following situation: (i) Xz is an additive Lipschitzean
function defined to X from the figures lying in the bounded Euclidean in-
terval S, (ii) (s) is a point function defined a.e. in .S and having its values
in the separable space X, and (iii) for each f ¢ X* the numerical function
f(Xg) is differentiable a.e. in S to the value f(x(s)). From Theorem 2.7 of
[32] it follows immediately that x(.) is measurable and integrable and that
Xk is differentiable a.e. in .S to the value x(s). Since Xz is additive and Lip-
schitzean, we see that Xz=[rx(s)da and x(.) e A*(S)[X]. Thus U(p)
= [sx(s)p(s)da where x(.) € A=(S)[X].

In case S is unbounded let {S;} be a decomposition of S into bounded
intervals. By the preceding case there is for each 7 an x;(s) defined a.e. in S;
and such that U(g) = [sx:(s)¢(s)da for each ¢(.) & L(S) that vanishes a.e.
in S—S;; moveover, x(s) is measurable in S and | U| =ess. sup. ||#:(s)||. Let
x(s) =x:(s) when s ¢ S; and x,(s) is defined at s. Clearly 2(.) ¢ A*(S)[X ], and
since any simple function ¢(s) can be written as ¢(s) = ;¢:(s), where each
¢:(s) vanishes outside of S;, we also have U(p) =D U (¢p:) =2 1 [s.x:(s)p:(s)da
=Y 2[sx(s)p:(s)da = [sx(s)¢(s)da whenever ¢(s) is simple. This of course im-
plies that U(¢) = [sx(s)¢(s)da for every ¢ ¢ L(S).

COROLLARY. When S is Euclidean and « is Lebesgue measure, any weakly
c.c. operation U from L(S) to X has the property of taking weakly compact sets
into compact sets. Hence if X = L(S) the nth iterate U™ is c.c. for n=2 and thus U
has for its fixed points a finite-dimensional c.l.m.

C. Abstract representations of completely continuous operations to L«(T),
1=¢= . We turn now to the proof that the characterization of c.c. opera-
tors given in the last theorem is also true for unrestricted S provided that X
is an L«(T) space.

THEOREM 3.1.10. An operation U is defined and c.c. from L(S) to L«(T),
1=¢= o, if and only if U(¢) = [sx(s)p(s)da where x(.) is an essentially com-
pact-valued element of A=(S) [L(T)]. The norm of U is | U| =ess. sup. ||x(s)||.

The case in which 1<¢ < « has been covered in Theorem 3.1.8. In virtue
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of Theorem 3.1.2 all that is required then is the proof that each c.c. opera-
tion from L(S) to L«(T), g=1 or «, can be represented by some element of
A=(S)[L(T)]. The case g=1 will be considered first.

Let 7 stand for a finite number of disjoint measurable sets A in T such
that « >B(A)>0, A e 7. If 7=(A) and 7’ =(A’) are two such partitionings,
define 77’ to be the partitioning consisting of those AA” with 3(AA’) >0. We
shall use the relation 7 €7’ to mean that for every A e = there is a A’ ¢ 7’
with B(A—A’) =0. It is clear then that =7’ c 7. If x and x(r) are points in a
B-space, the statement

(1) lim »(7) = «

means that for every >0 there is a 7. such that ||x(r) —«|| <e if = 7. If
(1) holds, there is a sequence m, with x(r,)—x. Similarly we say that x(r)
is convergent if

||x(1r) - x(7r’)“ <e for r, 7’ c ..
If (1) holds, x(m) is convergent and if x(r) is convergent there is a unique
“for which (1) is true.

Let V. be the c.l.m. in L(T) consisting of those elements which are con-
stant on each of the sets A e w. Thus

(2) Yr’ c Yﬂ' f rea’.

Let ¢4 be the characteristic function of A and U, the projection of L(T) into
Y. which is defined by

Jay(t)ds
3 U.@p) = Ea A
(3) W) :L;://A 8(8)
With U.(¥) thus defined we have
) U1 =1, U.@)=v fory e V,.

From (2) and (4) we see that for a simple function ¢, say ¥’ ¢ ¥, we have
U.(y") =y’ for 7 ¢ 7’ and thus for simple functions

(5) lim U.(¥) = ¢.

Since the simple functions are dense in L(7) and | U,| =1, it follows that
(5) holds for every ¢ & L(T). Moreover (5) holds uniformly over any compact
set. To see this we take points y;, 2=1, 2, - - - | 5., in a compact set ¥ such
that every point in ¥ is within e distance of some y;. There is then a =,
such that
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“U,(!ﬁi)—lﬁi“ <e, t1=12---,n,rcr,,
and thus
|U) —¥|| < 3e fory e ¥, rcm..

Hence if U is c.c. from L(S) into L(T) we have
lim | U.U - U|=0.

There is then a sequence 7, such that

(6) lim | U, U—-U| =0, lim | U,,U - U,U| =0.

For a c.c. operation ¢ =U(¢) on L(S) to L(T) we have (see (3))
U(U@®)) = 22 fa(®)¥a,

Aer
where fa(¢) = [a¢(£)dB/B(4) is a linear functional on L(S). Thus there are ele-
ments ua(.) € L2(S) such that

) U@ = Tt [ uao6)da = [ wla()de
Aew S S

where x,(.) is the abstract function #,(s) =)_a ¢ s¥ama(s). Writing x.,(s) for

%, (s), it is clear that x,(.) & A=(S)[L(T)]. From (6), (7), and Theorem 1.1.7

lim ess. sup. Hx,,,(s) - x,.(s)” =0,
m,n

and hence x(s) =lim,, 2,,(s) is defined a.e. and x(.) ¢ A=(S) [L(T)], with
(8) lim ess. sup. ||2a(s) — x(s)|| = 0.

Thus U’(¢) = [sx(s)¢(s)da is an operation from L(S) to L(T) and (8) shows
that lim, |U,,U—U’| =0. Combining this with (6) we have U=U" and
hence U(¢) = [sx(s)¢(s)do where x(.) e A=(S) [L(T)].

The proof for ¢= « is somewhat similar. Let U be c.c. from L(S) to
L>(T) and suppose to begin with that B(T) < . The space L*(T) can then
be considered as a linear subset ¥ of L(T'), and the “identity” transformation
I(u) =pis a continuous 1-1 operation taking L=(T) into ¥. Since convergence
in the mean implies convergence in measure, the operation I is a homeo-
morphism on each closed compact set in L*(T). Set V(¢) =I(U(¢)) and let &
be the unit sphere in L(S). The closure M of U(®) is compact and hence
I(M) is closed and compact since I is necessarily a homeomorphism on M.
In addition the compactness of U(®) implies that I(M) is the closure of
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V(®). The operation V to L(T) clearly being c.c., we have by the preceding
case that V(¢)=/sy(s)p(s)da where y(.) ¢ A=(S)[L(T)]. From Theorem
1.2.10 it follows that y(.) is essentially defined to the closure of V(®), that
is, to I(M). But M is closed and compact so that 7(M) maps into the closed
compact set M under the inverse of 7. Hence x(s) =7-1(y(s)) is essentially
compact-valued. It is therefore essentially bounded and almost separably-
valued. To show that x(.) e A=(S)[L=(T)] it is enough to prove that g,(x(s))
is measurable for each linear functional g, over L*(7T') defined by an element y
of L(T). Let F ¢ ¥5 be arbitrary. If gr is the functional defined by the char-
acteristic function of F, we have gr(x(s)) = [rK (s, t)d8 where K(s, .) =x(s) in
L=(T) for each s. But then K(s, .) =y(s) in L(T) for each s, and therefore
gr(x(s)) =fr(y(s)) where fr is the linear functional over L(T) defined by the
characteristic function of F. Since the vector function y(.) is measurable, we
conclude that gr(x(s)) is measurable for each F ¢ ¥5. The extension to g,
where ¢ is a simple function is obvious, and, since simple functions are
dense in L(T), gy(x(s)) must be measurable for every ¢ ¢ L(T). Thus
2(.) e A=(S) [L(T) ]. Let U'(¢) = [sx(s)¢p(s)dex. Then gr(U’(9)) = [sgr(x(s))p(s)dex
for each Fe ¥5. We also have fr(V(9)) =[sfr(y(s))p(s)da. Since fr(y(s))
=gr(x(s)) for every s and F, clearly gr(U'(¢)) =fr(V(¢)). But obviously
fr(V(9)) =gr(U(s)), I being the “identity.” Hence gr(U’(¢)) =gr(U(¢)) for
every ¢ ¢ L(S) and F ¢ ¥5. Since the g¢’s are a total set of functionals over
L=(T), the last equality yields U’(¢) =U(s), that is, U(p) =[sx(s)p(s)da
where x(.) € A*(S) [L=(T)]. This concludes the case 8(T) < .

In the general case let {7} be a decomposition of T and let X, be the
clm.in L*(T) composed of all the elements which vanish a.e. in T—>_1T,.
If II,, assigns to each u in L*(T) the element of X, which coincides with u(f)
a.e. in ) 1T, clearly II, is an operation in L=(T) with |IL,| =1. Suppose U
is c.c. from L(S) to L=(T). Set V,(¢) =I1.(U(¢)). Then V, is c.c. to X,, and
since X, is equivalent to L=(D_1T;) where B(O_iT;) < « it follows from the
preceding case that V,.(¢) = [sx.(s)p(s)da where x,(.) € A=(S)[X,]. Accord-
ing to Theorem 1.2.10 x,(.) is essentially defined to the closure of V,(®).
Since V.(®) =, (U(®)) where U(®P) is compact, we can infer that

9) %.(.) is essentially defined to I1,(M), n=1,2 .-,

where M is the bounded compact closure of U(®). Going back to the defini-
tion of II; it is clear that for any u e L*(T)

(10) a0 (p) = T0;(u) for ki 2 j.

ThllS Whenj é h, 1 we have V,(¢)) =H},H,(U(¢)) =Hh(V,(¢)) =szh(x,‘(S))¢<S)d(¥
where I1,(x:(.)) e A°(S) [L=(T)]. But V; is also defined by the element x;(.)
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of A=(S)[L=(T)]. Hence
(11) xi(s) = Ox(x:(s)) a.e. in S., ifj < h, 1.

From (9) and (11) we can now draw this conclusion: there is a null set E,
such that if s ¢ S— E, and %, 7, §, » are any integers then

(12) %a(s) e (M),

(13) xi(s) = Ma(x:(s)), ifj< ki
From (12) we also have

(14) el <] 0], SeS - Eu.

Fix sin S —E, and let x, =x,(s). Due to (12) there is for each # an element u.,
in the closed compact set M such that x, =II,(u.). If 2= we then have

I(ps) = LI 5(ps) = TM0(us) = Ti(x0)
by (10), so that
(15) () = x5 fori = j,
from (13). Now let xo be that measurable function of ¢ which coincides over

each T, with x,. In view of (14), x¢is in L*(T), and from (13) and the defini-
tion of x, it is easily verified that

(16) H,‘(xo) = %j, j =1, 2.

In the compact sequence {u.} choose a subsequence {u,;} converging to
woe M. Fixing j we have I1;(uo) =lim; IT;(u,,) or, from (15), (o) =lim; x; =x;.
Combining this with (16) yields

H,'(xo) = Hi(ﬂ0)7 ] = 17 2,---,
which implies that o =pu,. Thus x, e M.

For each s ¢ S— E, define x4(s) to be this point x, and for s & E, let x,(s)
vanish. Since %,(.) is essentially defined to the compact set M, it is essentially
bounded and almost separably-valued. To prove that xo(.) € A=(S) [L=(T)]
it is therefore sufficient to obtain measurability for f,(x,(s)) whenever f, is
a linear functional over L*(T') defined by an element y of L(T). For a func-
tional of this sort it is obvious that

17) fo(w) = lim Y(Ou(®)dB = lim fy(I,(x))

n
2T

for every ue L*(T). This together with (16) yields the equality fy(xo(s))

=lim,, fy(IL.(xo(s))) =lim, fy(x,(s)) for almost all s. Since each x,(.) is measur-
able, f,(xo(s)) must therefore be measurable. Thus xo(.) € %4=(S) [L=(T)].
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The final assertion is that U(¢) = [sxo(s)¢(s)de. For (17) leads to the equal-
ity

(18) f(U(¢)) = lim fy(Va(¢)) = lim fs Jo(@n(s))(s)dex

for ¢ ¢ L(S) and ¢ ¢ L(T), and it was just seen that f,(x.(s)) =1im, fy(x.(s))
a.e. in S for each y. Hence

W@ = [ Do, o2 L), £ LD),

or fu(U(p)) =fs([sxo(s)p(s)da) since xo(.) € A*(S) [L=(T)]. The functionals f,
forming a total set over L*(T), we arrive at the conclusion that U(g)
= [sx0(s)$(s)der.

D. Approximation theorems. The next theorem provides an approxima-
tion criterion for weak complete continuity.

THEOREM 3.1.11. An operation U is defined, separable, and weakly c.c. from

L(S) to X if there exists a sequence x,(s) such that
(l) xﬂ() € 2I°°(S) [X]’ ﬂ=1, 2) )
(ii) limp,, ess. sup., ||#n(s) —.(s)|| =0,

(iii) each x,(.) is essentially weakly compact-valued,

(iv) U coincides with the operation V(¢p) = [sx(s)p(s)da defined by the ele-
ment x(s) =lim, x,(s) of A=(S)[X].

If U is weakly c.c. from L(S) to X, S is Euclidean, and « is Lebesgue meas-
ure, then elements x(.), x.(.), n=1,2, - - - | exist in A=(S)[X ] such that con-
ditions (1)—(iv) are satisfied. Each x,(.) may be chosen to have only a countable
number of functional values.

If a sequence {x,(.)} exists satisfying (i)—(iv) it is clear that x(s) exists
a.e. in S and «(.) is in A=(S) [X], so that V(¢) = [sx(s)p(s)de is defined and
linear from L(S) to X. Moreover, U,(¢) = [sx.(s)¢(s)de is for each # also de-
fined and linear from L(S) to X, and by Theorem 3.1.1 each U, is weakly c.c.
From (iii) and (iv) we also have lim,, | U— U, | =lim, ess. sup., ||x(s) —.(s)]|
=0. Thus U is weakly c.c., by virtue of the following fact: the uniform limit
of weakly c.c. operations is also weakly c.c.*

Conversely, if U is weakly c.c. and S is Euclidean, there is by Theorem
3.1.9 an x(.) £ A~(S) [X] such that U(¢) =[sx(s)¢(s)da and x(.) is essen-
tially weakly compact-valued. Thus for some E, ¢ €, the set x(S—E,) is
separable and weakly compact in X. From an application of Lindel6f’s theo-

* The proof of this statement is almost identical with that of the corresponding theorem for c.c.
operations [1, Theorem 2, p. 96].



376 NELSON DUNFORD AND B. J. PETTIS [May

rem it follows [31, 1.12] that for each # there exists a countably-valued meas-
urable function x,(s) defined over S, having x,(S — E,) cx(S — E,), and satis-
fying the inequality |[x(s) —.(s)|| <1/# over S— E,. Each ,(.) is therefore
in A°(S)[X] and is countably-valued and weakly compact-valued, and
lim, ess. sup., ||x(s) —x.(s)|| =0.

A similar criterion holds for complete continuity; namely, if either S is
Euclidean or X is an L¢(T) space, an operation U is c.c. from L(S) to X if
and only if essentially compact-valued x,(s) exist satisfying (i), (i), and (iv).
Furthermore, the x,(s) may always be chosen to be simple functions.

PART 2. APPLICATIONS

In this part we take the opportunity to collect some of the preceding re-
sults, to translate them into kernel form, and then to apply them to obtain
various conditions sufficient that a given kernel define a c.c. operation from
L(S) to X. Usually X will be taken to be an L¢(T) space. A uniform mean
ergodic theorem and an application to Markoff processes are discussed in
sections D and E.

A. Criteria for weak compactness in L(S). In order to apply the preced-
ing results we shall require the following.

THEOREM 3.2.1. Let [S, €, a] be any system. A subset ® of L(S) is weakly
compact if and only if the following are satisfied:

(1) ®4s bounded,

(2) given >0 there is a 8>0 such that a(E) < 8 implies | [z¢(s)da| <e for
everyp e P,

(3) for each decomposition {S;} of S

0

lim >

m—o  u

¢(s)da| =0

S;

uniformly over* ®.

If ® is weakly compact, (1) is obvious. If (2) is false, there exist an ¢>0,
a sequence {¢,} in ®, and measurable sets {E,} such that

(4) a(E,) <1/nand | [z,¢u(s)da| >eforn=1,2,- - -.
Since @ is weakly compact, we may suppose {¢,} to be weakly convergent.
In particular, then,

(5) lim,.. [e¢n(s)da exists for every E ¢ Ep.
But the space €z is a complete metric space, and the argument based on the
Baire category theorem that was used by Saks [35] for the case a(S) < = can
be applied here to show that if (5) holds then the integrals [z¢.(s)do are ab-

* In case a(T) is finite (3) is implied by (2).
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solutely continuous over € uniformly with respect to #. This contradicts (4).
Thus (2) holds. To see (3) let {S;} be any decomposition A of S. Then
Uis(gp) = {[s:¢(s)da} is an operation sending L(S) into I. Since any operator
with range in / takes weakly compact sets into compact sets, Us(®) is com-
pact in /. Hence [4] (3) holds.

Before proving that (1), (2), and (3) imply that & is weakly compact we
should like to note that L(S) is weakly complete. For if {¢;} converges
weakly in L(S) then A.(E)=[z¢.(s)da is convergent for each E ¢ €. Let
A(E) =lim, 4,(E). If {E;} are disjoint measurable sets then

A ( > E,~> = lim A,.( > Ei> = lim ) A.(E)
ito n ieo n ito

for every set o of positive integers. Hence if for each » the series .4 ,(E;)
is considered as an element ¥, of /, it follows [1, p. 137] that {{,} is conver-
gent in /. Thus there is a ¥, & [ to which {y,} converges. The ith term in ¢,
is the limit of the 7th terms of the y,’s, that is, the ¢th term in the series ¢,
is lim, 4,(E;)=A(E;). Hence Y :A(E;) is absolutely convergent and
> A(E) =lim, > ;A.(E) =A(>:E:), which means that 4 (E) is completely
additive over E. Since clearly 4 (E) =0 when a(E) =0, A(E) is the indefinite
integral of some element ¢, of L(S). We thus have [z¢o(s)da =lim, [zp.(s)da
for every E. Since {¢.} converges weakly and finitely-valued functions are
dense in L=(S), it then follows that ¢, is the weak limit of the ¢,’s.

Now suppose ® satisfies (1), (2), and (3). Since L(S) is weakly complete
it is enough to show that every sequence in ® contains a subsequence that
converges weakly. The finitely-valued functions being dense in L=(S) and &
being bounded, it is sufficient to prove that in every sequence in & there is a
subsequence {¢;} such that lim; [z¢:(s)da exists for every E ¢ €. If a(S) < =,
it is known that (1) and (2) are necessary and sufficient that & be weakly
compact [11]. Let {S/} be a fixed decomposition of .S. Given any sequence
in ® we can therefore find, since (1) and (2) are satisfied and a(S/)< =, a
subsequence that is weakly convergent in L(S/). Thus by diagonalizing we
may take the subsequence {¢,} to have this property:

(6) lim, [r¢.(s)da exists whenever E c .S/ for some 3.

Now let E in € be arbitrary but fixed. Set Sp; 1 =E-S!, S2:=S! —E-S!, so
that {S;},7=1,2, - -, is a decomposition of S. From (3) there is for each
€¢>0an N, such that

(7) Z,'=2N¢+1|f,g,¢n(s)d0(| <e,n=1, 2, tee
Each S; with j 2N, being a subset of some S/, (6) implies that for some M
we have

(8) |fEx¢m(s)da—fE1¢n(s)da| <e for m, 'ﬂ;Me,
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where E,; =Z}v_‘152,-_1. Writing E; for D ;one;1S21, it follows from (8) and

(7) that
f¢m_f¢n f‘ﬁm"‘f ¢n
E E E; E¢
f ¢m - f ¢n
S S

<e+ Z
=N+l 2j—1

holds for m, n=M .. Thus lim, [z¢.(s)da exists for each E ¢ €, ending the

proof.

THEOREM 3.2.2. A set ® in L(S) is weakly compact if (1) and (2) are true
and if

(3") liMmaw DomSs:|#(s)|d=0 uniformly over ® for at least one decom-
position {S;} of S.

For (2) and (3’) imply (2) and (3).

B. Kernel representations of operations among summable functions. We
prove first the following theorem.

THEOREM 3.2.3. If for a fixed ¢ < « the real kernel K(s, t) on SXT has the
properties
(i) K(s, t) is measurable on SXT,
(ii) for almost all s ¢ S, | K(s, )| 4dB < =,
(iii) for every ¢’ ¢ Lv'(T),

2
=X
=1

< 2¢

2j—1

ess. sup. f K(s, )y’ (t)dﬁ~ < o,
8 T
then
(iv) ess. sup., (f7|K(s, ?)| dB)"1=C < o,
(v) the operation

U(e) = f K, 09(s)da

is defined and separable from L(S) to L«(T) and has the further properties
(vi) U takes weakly compact sets into compact sets,*
(vii) the morm | U| of U is given by the constant C in (iv),
(viii) 2f ¢>1 then U is weakly c.c.
For g=1 the statement (viii) is not necessarily true but in this case if the kernel
satisfies besides (i), (ii), and (iii) the condition
(ix) there is a null set Eq such that (a) limgp,—ofrK (s, £)dB =0 uniformly on

* See Theorem 3.2.7 and footnote.
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S — E,, (b) for every decomposition {T;} of T

lim >

m—o

f K(s, t)dﬁl =0 uniformly on S — Ey,*
T

then U is weakly c.c. on L(S) to L(T). For 1<q< « if the kernel K satisfies
besides (i), (ii), and (iii) the condition

(x) for almost all s e S the set of points K(s, .) in L4(T) is compact,
then the operation U is c.c. from L(S) to L«(T).

Conversely, if U is an arbitrary separable operation from L(S) to L«(T),
1<g< »,orif S is Euclidean and o is Lebesgue measure and U is a weakly c.c.
operation from L(S) to L(T), there is a kernel K (s, t) representing U and satis-
fying the conditions (1)-(ix). If U is c.c. from L(S) to L«(T), 1<q=< o, there
is a kernel K representing U and satisfying (1)—(x).

If (i), (i), and (iii) hold, it is seen from Theorem 1.3.6 that
x(s) =K(s, .) isin A=(S)[L«(T)], that U(¢) = [sx(s)¢(s)da = [sK (s, t)p(s)da,
and that (iv), (v), and (vii) are true. Since U(¢) = [sx(s)¢(s)da the remaining
conclusions result from Theorem 3.1.2 and the conditions for weak compact-
ness in L¢(T). The converse part of the theorem follows easily from Theo-
rems 2.2.2, 3.1.7, 3.1.9, 3.1.10, and 1.3 5.

The next theorem, which has been given for Euclidean .S by Dunford [9]
and Gelfand [18], can be derived from the last theorem above on recalling
conditions known to be necessary and sufficient for compactness in L(T)
when T is a linear interval [33, 40, 41].

THEOREM 3.2.4. Let T be a real interval, 3 be Lebesgue measure, and
1=9< . If T is bounded, then U is an operation defined and c.c. from L(S)
to Lo(T) if and only if U(p) =[sK(s, t)p(s)da where K (s, t) satisfies (i), (ii),
and (iii) of Theorem 3.2.3 and

(3.2.41) lim ess. sup.f | K(s,t+ k) — K(s, 1) |"d/3 =0.
h—0 s T
If T is unbounded this statement remains true if (3.2.41) is supplemented by

the condition that

Noow

lim ess. sup. | Kn(s, 8) — K(s, £) |8 = 0
3 T
where Kn(s, t) =K(s, t) or 0 according as |t| <N or |t| > N.
*In this part of the theorem, condition (ix)(b) can be replaced by the assumption that

LMy D o, Jr:| K(s, §)|d8=0 uniformly over S— E, for at least one decomposition {7:} of T see
Theorem 3.2.2.
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As a second application of Theorem 3.2.3 (or of Theorem 3.2.4) there
may be cited

THEOREM 3.2.5. Let S be a real interval, T be [0, 1],  and 8 be Lebesgue
measure, and K(r), — o <r< = be periodic with period 1. Thenif K(.) e L«(T),
1=¢< «», the transformation

@) =¥ = [ KGs = no(s)da

is defined and completely continuous from L(S) to L«(T) and

oi=(f 150 ls) "

To prove this it is sufficient in view of Theorem 3.2.3 to verify the con-
ditions (i), (iv), and (x) of that theorem. First we shall show that the kernel
K(s—t) is measurable. Using Lusin’s theorem let E be a closed set on the
interval 0=<s=<1 such that «(E) >1—¢ and K(s) is continuous on E. Let E’
be the set in —1=<s5=0 composed of all points of the form s—1 where s ¢ E.
Let D be the set in the square 0<s, ¢<1 consisting of those (s, ) for which
s—t e E4E’. Then D is a closed set and thus is measurable. To evaluate the
measure of D we use Fubini’s theorem on the characteristic function ¢p(s, £)
of D. From the above construction it is clear that

1
f op(s, t)da = a(E) > 1 — &, 0=s¢r=1,
0

and so aXB(D)=a(E)>1—e. Since K(s—¢) is continuous on D, it is, by
Lusin’s theorem, measurable over [0, 1]X [0, 1]. From periodicity K(s—%)
is then measurable over [, n+1]X [0, 1] for every integer #, and so (i) is
satisfied. Periodicity also implies that

ess.sup.f|K(s—t)[‘ldB=f | K(t)|dB = C < =,
s T T

which proves (iv). To prove (x) we use the known conditions for compactness
in L«(T). Thus K(s— .) is bounded and

lim | |K(s—1t— k) — K(s — £)|dB = lim f_llK(u—h)—K(u)|qdu=O

h—0 T

uniformly in s, so that (x) is satisfied.
The next theorem is analogous to Theorem 3.2.3.
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THEOREM 3.2.6. If the real kernel K(s, t) on SXT has the properties
(i) K(s, t) is measurable on SX T,
(ii) there is a null set Ey such that the set K (s, .), s ¢ S—E,, is a separable
subset of L*(T), and
(iii) for every ¢'(.) e L(T)

ess. sup.
s

[ &G, pwyas ] <,
T

then .
(iv) ess.sup. |K(s,t)| =C< =,
(v) the operation U(p) = [sK(s, t)p(s)da is defined and separable from
L(S) to L*(T) and has the further properties

(vi) U takes weakly compact sets into compact sets,

(vii) the norm |U| of U is given by the constant C in (iv).

If the kernel K(s, t) satisfies in addition to (i), (ii), and (iii) the condition

(viii) for a null set EJ the set K(s, .), s ¢ S—E{, is weakly compact in
L*(T),
then U is weakly c.c. on L(S) to L*(T). If the kernel K (s, t) satisfies besides
(1), (ii), and (iii) the condition

(ix) for a null set E{ the set K(s, .), s € S—E{, is compact in L*(T),
then the operation U is c.c. from L(S) to L*(T).

Conversely, if S is a finite or infinite interval in Euclidean space and « is
Lebesgue measure, and U is a weakly c.c. operator from L(S) to L*(T), then
there is a kernel K(s, t) representing U and satisfying the conditions (1)—(viii).
If S is abstract and U is c.c., then (ix) is also satisfied.

Properties (iv), (v), and (vii) come from Theorem 1.3.7. The remaining
conclusions in the first part result from Theorem 3.1.2. The converse is de-
rived by means of Theorems 3.1.9, 3.1.10, and 1.3.5.

The next result is essentially based on Theorems 3.1.2 and 3.2.1.

THEOREM 3.2.7. Suppose U(p) = [sK(s, t)p(s)da is an operation defined and
separable from L(S) to L«(T) and suppose ® c L(S) satisfies conditions (1)—(3)
of Theorem 3.2.1. Then the set

v = [fs K(s, )¢(s)da, ¢ ¢ q>:|

is compact* in L(T) when 1<q< ». This is also true when q=1 provided that
K is measurable and either ess. sup., [7| K (s, )| d8 < « or S is Euclidean and T
is linear.

* Thus for example if &(E’) <  and E varies over £(E’) (see footnote to Theorem 2.1.0), the
functions y£(f) = fzK (s, £)da form a compact set in Le(T).
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Here in all three cases (Theorem 2.2.1, Theorem 2.4.5, and a remark
at the end of the latter) U has a representation [sx(s)¢(s)da where
x(.) e A°(S)[L(T)]. Hence U takes weakly compact sets into compact sets.

Another corollary to Theorem 3.2.3 is

THEOREM 3.2.8. Suppose X is arbitrary. If x(.) ¢ A°(T)[X ] and if K(s, t)
satisfies conditions (i)—(iii) and (ix) of Theorem 3.2.3 for g=1, then U(¢p)
=[rx(t) { [sK(s, O)p(s)da}dB is c.c. from L(S) to X.

For [sK(s, t)¢(s)da is weakly c.c. from L(S) to L(T) and [rx()y(t)dB
takes weakly compact sets in L(7) into compact sets in X.

Of the several corollaries to the above theorem we mention only the fol-
lowing, obtained by letting X = L«(W).

THEOREM 3.2.9. Suppose that K(s, t) is given as in the preceding theorem-
Let [W, G, v] be a third system analogous to [S, €, a] and [T, ¥, B.If
M(t, w) is measurable over TXW, M(t, .) e L(W) for almost all t, and
ess. sup.; | fwM(t, w)x(w)dy| < « for every x(.) & LY'(W), then

Ue) = f ¢<s>{ J Ko, w)dﬂ}da

is an operation defined and c.c. from L(S) to L4(W), < . When q= = this is
still true provided that M (8, .) is almost separably-valued in Lo(W).

This can be shown to be a consequence of Theorem 3.2.8 and the Fubini
theorem. A more direct way perhaps is as follows. We know that

La(W) s f M, wyp ()8 for v & L(T),
T

and that in &, there is an E, such that K(s, .) forms a weakly compact set
in L(T) as s varies over S — E,. Hence for each s in S—E,

Lawys [ MG, wKG, s = HGs, ),

and H(s, .),s ¢ S—E,, forms a compact set in L2(W) since by Theorem 3.2.3
or 3.2.6 the operation [7M (¢, w)¥(¢)dB sends weakly compact sets into com-
pact sets. Let y(s) =H(s, .). From the measurability of M and X it follows
that H (s, w) is measurable, so that by Theorem 1.3.5 the vector function y(.)
is measurable. Since y(.) is measurable and essentially compact-valued, the
following operation is c.c. from L(S) to L«(W):

fs y(s)¢(s)da = f ) H(s, w)¢(s)da = fs ¢(s){ fT K(s, ) M (s, 'w)dB}da.
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It is easily seen that a particular case of the last theorem is the following
result of Servint [37; also see Theorems 1 and 3 of 46]:if S=T=W =0, 1]
and all measures are that of Lebesgue, and if K(s, {) and M(¢, w) are each
bounded and measurable, then the above operation U is defined and c.c. from
L(S) to L(W). In this case we can, by the above theorem, go even further and
assert that U is defined and c.c. from L(S) to L¢(W) for each ¢ < =, and that
this is still true when ¢ = « provided that M (¢, .) is almost separably-valued
in L*(W).

Translation of other theorems into kernel terminology will be left to the
reader.

C. C.c. operations from L»(S) to X. We append the following remarks
concerning c.c. operations from L?(S) to X. Here S is abstract and X is an
arbitrary B-space.

THEOREM 3.2.10. Let x(.) on S to X be measurable and suppose that for some

p'<
Isoll = ([ sl da) " < .

Then the equation

v = [ 5(9)8(5)da

defines a completely continuous operator from L»(S) to X with |U| < Hx()”

The statement involving the norm follows from the Holder inequality [9].
By the definition of measurability there is a sequence x.(s) of simple func-
tions approaching x(s) a.e. in S. Let y,(s) be defined to coincide with x,(s)
on the set where ||x,(s) —2(s)|| =||#(s)|| and to vanish elsewhere. By the Le-
besgue convergence theorem then

lim f |2(s) — ya(s)||?’dea = 0.
n Jg

Since the y.’s are simple they obviously define c.c. operators U, which, by
the above equation, satisfy the condition lim, | U —U,| =0. This shows that
Uisc.c.

THEOREM 3.2.11. Let K(s, t) be measurable on SXT and suppose that for
some p’' < © and g<

(o) ") e
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Then the equation

Y() = fs K(s, £)¢(s)da

defines a completely continuous operator from L»(S) to L+(T).

This is an immediate corollary of the preceding theorem together with
Theorems 1.3.6 and 1.3.5. This theorem was first proved for Euclidean S and
T and p =¢ by E. Hille and J. D. Tamarkin [21]. Another proof for Euclidean
S and T was published later by F. Smithies [38].

As another application of Theorem 3.2.10 we mention the following.

THEOREM 3.2.12. Let K (s, ¢) be measurable on SX T and such that the func-
tion K(s, .) is almost separably-valued in L*(T). Then if p’ < < and

f ess. sup. | K(s, ) |?'da < w0,
s t
the operation

v = [ KGs, hp(s)de
S

is defined and c.c. from L»(S) to L*(T).

This is immediately derivable from Theorems 1.3.6, 1.3.5, and 3.2.10.

Further applications of Theorem 3.2.10 will be left to the reader.

D. A mean ergodic theorem. Let U be an operation sending L(S) into
L(S) and having a representation U(¢) = [sx(s)¢(s)da where z(.) is an essen-
tially weakly compact-valued element of A*(S)[L(S)]. Since U is separable,
U(L(S)) has a separable span X in L(S). From the footnote to Theorem 2.2.6
there is a Borel field ¥ contained in € such that ¥5 is separable and X is a
subset of those elements of L(S) which are ¥-measurable. If ¥ is any such
Borel field and if we set 7 =S and B=aq, the triad [T, ¥, 8] is a system for
which L(T) is a separable c.l.m. within the ¥-measurable elements of L(S),
and L(T) > X > U(L(S)).

The particular mean ergodic theorem we wish to give is one dealing with
operations of this sort.* Basically it is a special case of an extension made to
general B-spaces by Fortet [14, 13], Yosida [43, 44], and Kakutani [22] of a
result due to Kryloff and Bogoliouboff [26] and Fréchet [15].

* In Dependent probabilities and spaces (L), Proceedings of the National Academy of Sciences,
vol. 24 (1938), pp. 154-159, Garrett Birkhoff has discussed for generalized L(S) spaces the discrete
mean ergodic theory of what he has termed “transition operators” (also see S. Kakutani, Mean
ergodic theorem in abstract (L)-spaces, Proceedings of the Imperial Academy, Tokyo, vol. 15 (1939),
pp. 121-123). These are norm-preserving operators that send non-negative elements into non-nega-
tive elements. Some account of the continuous theory in an L(S) space can be found in [11].
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TraEOREM 3.2.13. If U is an operation of the above type, these conclusions can
be made: (1) there is a kernel K.(s, t) defined over SXT =S XS such that
(1) Ki(s, ) is measurable,
(i) Ki(s, .)=x(s) sn L(T) for almost every s, and
(i) U(@) =/sKi(s, )¢(s)da for each ¢ £ L(S);
(IT) (i) U is separable and weakly c.c.,
(ii) U takes weakly compact sets into compact sets,
(iii) U~ is c.c. for n=2,
(iv) |U| =ess. sup. ||2(s)|| =ess. sup., [z| Ki(s, £)| 4B,
(v) the maximum number of linearly independent solutions of the equation
¢ =U(e) is a finite number N.
Suppose in addition that the norms | U »| are bounded. Then
(Vi) limp, . |Vi— V.| =0 where V= (1/m) 37 U-.
(III) The limit operation V =lim V., has these properties:
1) Viscec.,
(i) VU»=UV =V forn=1,2, - -,
(i) V2=V,
(iv) the fixed points of V form a c.l.m. Y having dimension N,
(v) Y is exactly the set of fixed poinits of U,
(vi) V(L(S)) =Y.
(IV) If xo(s) =V (x(s)) then
(@) @(.) e A(S)[Y],
(ii) V(¢) =[sxo(s)p(s)der,
(iii) | V| =ess. sup. ||zo(s)]],
(iv) xo(s) =V (2(s)) =Un(wo(s)) = V(Ux(s))) =V (xo(s)) for every n and
almost all s,
(V) xo(s) can be written as xo(s) = ui(s)p: where
(vi) each ¢; is in ¥ and ||¢d| =1,
(vil) the set ¢1, - - -, ¢n forms a basis for ¥,
(viil) wi(.) & L=(S) and [sui(s)pi(s) =1 or equals 0 according as i=j or
157, and
(ix) in L>(S) the c.l.m. Y* generated by the set p:(.),1=1,2,---, N, s
both the set of fixed points of U* (the operation adjoint to U) and the set of fixed
points for the c.c. adjoint V* of V, and Y* has dimension N.
(V) Finally, the following statements are true concerning the measurable
kernels Ko(s, £) =D ~ui(s)e:(t), Ki(s, £), and K.(s, t) = [sKn_:(s, s")Ki(s', t)da,
n=2,3---: ‘
(@) V() =[sKls, )p(s)de,
(i) U(@)=/[sKu(s, )o(s) da for n=1,2,-- -,
(ili) for almost every s the equality
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Ko(s, t) = f Kuii(s, sNKo(s', H)da = f Ko(s, s")K.(s', t)da
s s

holds for n=0, 1,2, - - - and for almost all ¢;
(iv) K.(s, .) is essentially weakly compact-valued in L(T) for n=1 and es-
sentially compact-valued for n=1.
There is a null set Eq such that
(v) limaaw [r| Kols, ) —(1/8) 21K (s, t)| d8=0 uniformly over S—E,,
(vi) lim,..(1/%) 3 [eK(s, 1)dB = [rK (s, t)dB uniformly over (S — Ey) X F,
(vil) i fr| fip(5)Kols, Dda—[s(6(s)/mSIK (s, )dadB=0 uni.
formly over those ¢ in L(S) having [s|¢(s)|da<1.

Statements (I)(i)—(iii) and (II)(iv) are contained in Theorem 1.3.5, and
Theorem 3.1.6 yields (II) (i)(iii) and (II)(v). If the norms | U*| are bounded,
conclusions (II)(vi) and (III)(i)—(iii) follow from [43] or Theorem 5 of [22]
and the fact that U? is c.c. The definition of V taken together with (III)(ii)
shows that the fixed points of V, which form a c.l.m. ¥, are also the fixed
points of U; this vindicates (III)(iv)—(v). Conclusion (III)(vi) comes from
(IIT)(iii) and the definition of V. Letting xo(s) =V (x(s)), (III)(vi) shows that
%o(S) € ¥; and since measurability and being essentially bounded are two
properties that are operational invariants, (IV)(i) is true. To verify (IV)(ii) it
is sufficienttonotethat V(gp) =V (U(¢)) =V ([sx(s)p(s)da) = [sV (x(s))p(s)de;
(IV)(iii) is then obvious. Conclusion (IV)(iv) results easily from (III)(ii)-
(iii), the definition of x,(s), and the assumption that x(s) is defined for almost
every s.

To establish the rest of (IV) we may proceed as follows. Since V is a
c.l.m. in L(S) having finite dimension N, it is possible to choose in ¥ a basis
¢1, - - -, ¢n satisfying (IV)(vi). Choosing such a basis we have

N
o =2 g:(d)e:, ¢pe?,
1

where each g; is a linear functional over ¥ and g.(¢;) = d:;, the Kronecker
delta. Thus

ao(s) = D gi(we(s))i = D pi(s)i

where p:(.)=gi(xo(.)) is in L*(S) for each ¢ since xo(.) ¢ A°(S)[V]. State-
ments (IV)(v)—(viii) are therefore verified. To establish (IV)(ix) we
first note that since lim, |V —V.| =0 we also have lim, | V*—V*| =0
where V* and V,.* are the operations adjoint to V and V,, respectively and
V¥ =1/m)y T(UH*=(1/m)>_7(U*):. It then follows that U* and V* have
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the same set of fixed points, and this set is a c.L.m. in L*(S) that has dimen-
sion N since V* is the adjoint of the c.c. operation V. This c.l.m. is ¥*. For
(IV)(ii) and Theorem 1.1.3 imply that for any f in the adjoint of L(T) the
linear functional V*(f) over L(S) is defined by the element f(x,(.)) of L*(S).
Since f(xo(s)) =2 Yui(s)f(¢:), V*(f) is defined by an element of ¥*. Thus
V*(L*(T)) € Y*, and hence f ¢ Y* when V*(f) =f. Conversely, if f ¢ Y* then
V*(f) =f. It is sufficient to consider the functional f; defined by the element
wi(.) of L*(T). For each ¢; we have

1) = fsuj<s>¢f<s>da - fsgi(xO(S))¢i(S)da = 6V (8)) = 569,

so that f(xa(s)) =21 fi(@)ui(s) =21 gi($)ui(s) =pi(s). Thus V*(f,) is defined
by u;(s), that is, V*(f;) =f;. This completes the proof of (IV)(ix).

In (V) the first conclusion results from (IV)(ii) and (IV)(v). Setting

(1) x:(s)=x(s) and x.(s) =U(x,_i(s)) for n =2,
it is then clear by induction that the three statements

(2) #.(.) e A(S)[L(S)],

(3) Un(e) =[sxu(s)p(s)de,

(4) K.(s, .)=x.(s) in L(S) for almost all s
must each hold for =1, 2, - - - . Since each K,(s, ¢) is measurable, (V)(ii)
then follows from (2), (3), (4), and Theorem 1.3.5. Conclusion (V) (iii) comes
from (1), (3), (4), and (V)(ii), and (V)(iv) is a corollary to (2), (3), (4),
(ID) (), (II)(iii), and Theorem 3.1.2. Finally, (V)(v) and (V) (vii) are true since

1 m
xo(s) — ; Z x:(s)

0=lim |V —V,|=lim ess.sup.
m m .

1 m
= lim ess. sup. f Ko(s, t) — — > Ki(s, t)‘dﬁ,
m s T m
and (V)(vi) is obvious from (V)(v).
This and Theorem 3.1.9 lead at once to

THEOREM 3.2.14. If S is a finite or infinite Euclidean interval and o is
Lebesgue measure and U is an arbitrary weakly c.c. operation in L(S), then
U(p) = [sx(s)p(s)da where x(.) is an essentially weakly compact-valued element
of A(S) [L(S) ). Hence conclusions (I) and (II)(1)—(v) of Theorem 3.2.13 hold in
this case, and if the norms | U™| are bounded the remaining conclusions are also
valid for U.

A simple example shows that in Theorem 3.2.13 we cannot drop entirely
the assumption that x(.) is essentially weakly compact-valued. On the real
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axis let J, be the interval [n, n+1) for each integer # and on each J, assign
x(s) the constant value ¢.,1 where ¢, is the characteristic function of J,1.
Obviously x(.) £ A°(S)[L(S)] and ess. sup. [|x(s)||=1, so that U(¢)
= [sx(s)¢(s)ds satisfies all the hypotheses of Theorem 3.2.13 except that x(.)
is not essentially weakly compact-valued. Since U($,) =@n+1, it follows that
the principal conclusions of the theorem are false in this case. For &= {¢,}
is bounded in L(S) but not weakly compact, and thus U~ fails for each » to
be weakly c.c. since U(®) = ®. Moreover, || V.n(po) — Van(so)|| =1 for every m,
as the reader can easily verify; hence the operations V., do not converge even
pointwise.

E. An application to Markoff processes. Let ¥ be a second Borel field of
subsets of .S, with ¥c € and F5 separable. Take T=S and 8=«, so that
[T, ¥, 8] forms a second system for which L(7) is a separable c.l.m. in L(S).
Suppose further that there is a function P(s, F) defined over S X ¥ and having
these properties:

(1) P(s, F) is E-measurable in s for each F ¢ ¥3,

(2) s ¢S implies that P(s, F) is non-negative and completely additive
over ¥and P(s, T) =1,

(3) if F;5F,> --- 2F,> --- and B([[,°F.) =0, then lim, P(s, F,) =0
uniformly over S.

As Doob has shown [6], under these circumstances P(s, F) is a set of condi-
tional probability functions for a certain class of Markoff processes. Functions
P(s, F) of this sort have been discussed frequently in probability (for refer-
ences see [6]), and most of the statements in the next theorem are already
known, being due either to Fréchet [15], Kryloff and Bogoliouboff [26],
Doeblin and Fortet [5], Doob [6], Yosida and Kakutani [45], or to earlier
authors. However, the indigeneity of the theorem and the fact that some of
the conclusions are apparently new lead us to include it here.

From (2), (3),.and the Radon-Nikodym theorem there is for each s a
point x(s) in L(T) whose indefinite integral over F is precisely P(s, F). We
now make the assertion that

(4) x(.) is a weakly compact-valued element of A°(S) [L(T)], ||x(s)|| =1, and
each point x(s) is an essentially non-negative element of L(T).

In the first place it is evident from (2) that for each s the element x(s) in
L(T) is essentially non-negative and has ||(s)|| =1. Secondly, in view of (1),
the decomposability of T, and the complete additivity in F of P(s, F), it re-
sults that P(s, F) is measurable in s for each F ¢ ¥. Hence f(x(s)) is measur-
able for each linear functional f defined over L(T) by a finitely-valued element
of L*(T). Since such elements are dense in L*(T), f(x(s)) must be measurable
for every linear functional over L(T). The space L(T') being separable, it then
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follows from Theorem 1.1.7 that x(.) is measurable. Thus x(.) ¢ A°(S) [L(T)]
and ||2(s)|| =1. To see that 2(.) is weakly compact-valued we have only to
note that property (3) of P(s, F) implies that ® =x(S) satisfies conditions (2)
and (3) of Theorem 3.2.1.
Since L(T) forms a c.l.m. in L(S) and L(T) > x(S), we can also state that
(5) assertion (4) above holds with L(T) replaced by L(S).
We are now ready to give the theorem. Here, as before, P denotes the essen-
tially non-negative elements of L(S) and B,=%B[||¢|| =1].

THEOREM 3.2.15. Let U be the operation U(p) = [sx(s)¢p(s)da defined by the
Sunction x(.) of (4). Then all the conclusions of Theorem 3.2.13 hold here and in
addition

(D) (iv) [rKi(s, £)dB=P(s, F) for every s ¢ S and every F ¢ ¥,
(v) Ki(s, ) 20,
(vi) [rKi(s, £)dB=1 for every s,
(II) (vii) | U] =1,

(viii) if ¢ ¢ B then U(¢) e B and [|U(g)|| =|l4],

(I11) (vii) | V| =1,

(viii) if ¢ e B then V(9) e B and ||V ()| =|¢]l,

(ix) the dimension number N of Y is positive,

(IV) (x) each ¢: in the basis ¢y, - - - , dn may be chosen in P,

(V) (viii) for n=0,1,2,- - -, K.(s,£) 20 a.e. in SXT and [rK.(s, t)dB
=lae. inS.

From (5) and the equality | U| =ess. sup. ||x(s)|| =1 it is evident that U
satisfies the requirements of Theorem 3.2.13, including the one that the norms
| U»| be bounded. Moreover, the span of U(L(S)) must by Theorem 1.2.10
be in the span X belonging to x(S); thus U(L(S)) € X ¢ L(T), and X is clearly
a subset of those elements of L(S) which are F-measurable. Hence all the con-
clusions of Theorem 3.2.13 hold in the present situation.

The kernel K; given in Theorem 3.2.13 can fail to satisfy (I)(iv) and
(I)(v) on at most a set of SX T measure zero. We may suppose K; altered
on this set so as to satisfy these two conditions; the previous properties of K,
and of the kernels K, will not be affected since the exceptional set was of
measure 0. Conclusion (II)(vii) was shown above, and (I)(vi) is obvious from
(I)(iv). According to (4) the closed convex set B contains x(S); from (II)
of Theorem 1.2.10 we conclude that

(6) U(p) & By for each ¢ & Pi.

This yields (II)(viii). On writing x:(s) =x(s) and x:(s) = U (x:_1(s)) for i =2 we
noted, in proving Theorem 3.2.13, that

(1) Ui(g) =Jswi(s)p(s)da.
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From (6) it follows that xi(s) ¢ B, for each =1 and each s, so that
(1/m)>_%x:(s) is in the convex set P, for every #» and s. Now (7) implies that

1 n
xo(s) — —~ > wi(s)

lim ess. sup. =lim|V -V, =0,

and hence xo(s) =lim, (1/%)>_1x:(s) for almost every s. Since P, is closed we
must have x4(s) ¢ B, for almost all s. This combined with Theorem 1.2.10
shows that (III)(viii) holds and that | V| =ess. sup. ||#.(s)|| =1. Conclusion
(IIT) (ix) now follows from the fact that ¥ = V(L(S)) and that | V| 0. To
prove (IV)(x)let ¢/, - - -, ¢ beany basis for ¥ with ||¢/ || = 1. From (III)(iv),
(vi), and (vii) the unit sphere ¥, of ¥ is'the image under V of the unit sphere
of L(S). Theorem 1.2.10 then implies that for each null set E, the set ¥, is in
the closed convex hull of the point set sum ¥V,=x(S —Ey) +R(x,(S — Ey)).
Choosing E, such that x,(s) £ B; for s ¢ E,, it follows that the closed convex
hull of x¢(S —E,) is the convex hull of x,(S—E,). The same is therefore true
of V.. Hence each ¢ ¢ ¥, can be written as ¢ = ;_,c;¢; where each ¢, ¢ P,
and )_t|¢;| =1. On expressing each ¢. as ¢! =D _+° ciibi, it is clear that each
element of ¥ is a linear combination of the ¢;;’s. Hence from among these a
subset ¢y, - - -, ¢» can be chosen to form a basis for Y. This establishes
(IV)(x). Finally, (V) (viii) results on recalling that x,(s) = K,(s, .) in L(T) for
almost all s and that x,(s) ¢ B, for every s.
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